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LOCAL-IN-TIME EXISTENCE FOR THE NON-RESISTIVE
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Abstract. We establish the local-in-time existence of a solution to the non-resistive
magneto-micropolar fluids with the initial data ug € H* ¢, wo € H* ™! and by € H® for
s> % and any 0 < £ < 1. The initial regularity of the micro-rotational velocity w is weaker
than velocity of the fluid .
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1. INTRODUCTION

The non-resistive incompressible magneto-micropolar equations in three dimen-

sions can be written as follows:

w4 u-Vu+V(p+3[b?) = (p+OAu—(b-V)b—(V x w =0,
wy +u - Vw 4+ 2w — vAw — AVdivw — (V x u = 0,
b+u-Vb—>b-Vu=0,

divu =0, divb =0,

(1.1)

with the initial data:

(1.2) (u, w, b)(x,0) = (ug, wo, bo)(x),
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where € R® and ¢ > 0. The functions u = u(z,t), w = w(xz,t), b = b(z,t),
and p = p(z,t) denote the velocity of the fluid, the micro-rotational velocity, the
magnetic field, and the pressure, respectively. The constants u, ¢ are the coefficients
of kinematic viscosity, vortex viscosity, and v, A are angular viscosities.

The magneto-micropolar fluid equations model was first proposed in [1], which
describes the motion of electrically conducting micropolar fluids in the presence of
a magnetic field. Micropolar fluids represent a class of fluids with nonsymmetric
stress tensor (called polar fluids) such as fluids consisting of suspending particles,
dumbbell molecules, etc., see [6], [7], [13]. By using the spectral Galerkin method,
Rojas-Medar [16] proved the existence and uniqueness of strong solutions for sys-
tem (1.1) with resistive viscosity in bounded domain. Then, Yuan [18] proved the
local existence of the strong solution with initial data in H® with s > % in the
whole R?. The weak solution and global regularity were studied in [14], [17], [15],
116], [19], [20], [5], [4].

When the micro-rotational velocity disappears (w = 0), system (1.1) reduces to
a non-resistive magneto-hydro-dynamic (MHD) system. There is a great deal of
literature on the MHD system. Here we only introduce some studies related to this
paper. Jiu and Niu [10] proved the local existence for 2D with the initial data in H*,
for integer s > 3. Fefferman et al. [8] established a local existence of non-resistive
MHD when ug,bg € H® with s > d/2 for d = 2,3. Recently, Fefferman et al. [9]
extended the local existence result in [8] to the non-resistive MHD when ug € H* 1+,
bp € H® with s > d/2 for d = 2,3 and any 0 < € < 1. Chemin et al. [3] established
the local existence of weak solutions to 2D and 3D Cauchy problem for non-resistive
MHD equations with divergence-free initial data in the Besov space B; /12 and they
also proved the uniqueness of solutions in 3D case.

Motivated by Fefferman-McCormick-Robinson-Rodrigo’s approach (see [9]), we
study the local-in-time existence of system (1.1)—(1.2). More precisely, we have the
following result:

Theorem 1.1. Suppose that the initial data (uo,wo,bo) satisfy ug € HS 1+,
wo € H*™' and by € H® for s > % and any 0 < ¢ < 1. Then there exists T* > 0
such that system (1.1)—(1.2) has a solution (u,w,b) satisfying

u € L0, T H¥ )N L2(0, T*; H*T),
w e L0, T H 1) N L*(0,T*; H),

and
be L>®(0,T* H?).
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Remark 1.1. Comparing with the MHD system, the existence of micro-
rotational velocity makes it more difficult. It is worth to point out that the initial
regularity of w is weaker than u. When w = 0, Theorem 1.1 reduces to the result
in [9]. Theorem 1.1 is an improvement of the result in [18].

2. PRELIMINARIES

In this section, we will give some elementary facts which will be used later.
Throughout the paper we use the notation A®° to denote the fractional derivative

—
S

of order s, given in terms of the Fourier transform by Asf = |¢|* f . We write
lullfs = 1A%l + [lu]l?, s >0,

which is equivalent to the standard H® norm when s is a positive integer, where
Il £ ||llz2- Before the proof of Theorem 1.1, we present the maximum regularity-
type result of heat equation.

Lemma 2.1 ([9]). If f € L"(0,T; H*" 1), 1 <r < 00, s > 1, and
Ou—Au+Vp=f, divu=0, u(0)=up€ H’S*UFE7

where g is divergence free, then for T < 1

T
(2.1) / lall s+ At < CT2fuol| o= + O Fll oo rmo ).
0

Lemma 2.2 ([8]). Given s > 2, there is a constant C' = C(s) such that for all
u, b with Vu,b € H?,

[A°[(w - V)b] = (u- V)(A°D)|| 2 < e Vel s

bHHb .
In [11], [12], the following useful inequalities are proved in the Sobolev spaces.

Lemma 2.3 (Kato-Ponce inequality [11], [12]). Let s > 0, 1 < p < o0. If f €
Whrr W42 g e L, NW*% then

1A*(£9) = fAgllLr < CUV fllzo 1A gllzan + [lgllze [A° fllze2)

and
[A*(f)llLe < CU[fllLr [A°gllLar + (gl ez [|A® f[|Lo2)

with 1/p=1/p1+1/q1 = 1/p2 + 1/go.
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3. PrOOF OF THEOREM 1.1

Multiplying (1.1)1, (1.1)2 and (1.1)3 by w, w and b, respectively, integrating by
parts yields

1d
o0 Sl + e+ QI Tl = (b V)b, ) + ¢V x ),
(3.2) 5 dt L ]2 4+ v Va2 + Aldiv w]? + 2¢][wl? = ¢V x u,w),
2 .
(33) 2 bl = (- Vyu. ).
Combining (3.1)—(3.3) together, noting that ((b - V)b,u) = —((b - V)u,b) and

(Vxw,u) = (Vxu,w), using the Cauchy inequality |2¢(V xu, w)| < ¢||Vul[?+(||wl?,
we have

= (lull® + [l + [161%) + gl Vul® + [ Vel + Aldivw]* + (lw|* < 0

N —
Q—'|CL

It follows that
t
(34)  (lull® + [lwl® + [1b]1*) + 2/0 (ulIVull? + v[|Vw||? + Al|divw||* + ¢[lw]|*) ds
< (Jluoll® + llwol1? + [[bo]1?) £ M.

We also can obtain from (3.1)—(3.3)

1d
(35) 5zl +llw]®) + (u+ Ol Vull? + v Vawl? + M|V 2 + 26w
— ((b- V)b, ) + 20(V X u,w) < Cbl[|[Vull|b]l 1= + Cllw]||Vu]
< ZIVull? + Clbllt- + CMo
and
1 d 2 2 2
(3.6) 5 Ibl2 < el Vul = < ClIBIIVul e

We apply the operator A® to (1.1)2 and take the inner product with A*b in L2.
By Lemma 2.2 and the same argument as in [9], one has

(B.7) 5 IAT]Z < [(A[(b- V)ul, A%) + [(A%[(u - V)BL, AD)| <

2 dt
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Combining (3.6) and (3.7) together, we have

d
EHbH?qs < Cullbllr IV ul e,

which implies that

t
(3-8) 1)1 < lIboll 7 exp {01/0 IVl g dT}~

Next, we get the estimates on u in the space L'(0,T; H**!), using Lemma 2.1.
We rewrite (1.1); as follows:

ut—(u+C)Au+V<p+%|b|2) =f£ —(u-V)ut(b-V)o+(V xw, divu = 0, u(0) = uo.

By (2.1), we have

T

39) [ Il dt < O uol osve + G N oz
0

Since

1fllgs—1 = ||div(b®b) — div(u ® u) + (V X w]| gs—1
< b @ bllge + [lu® ull = + Cllw] e
< bl + Cllullye + Cllwlla
< Clbll + Clul?/ =) |lul 527 + Cljw]| -
<

2e/(s+e 2s/(s+e
Clbl1%e + CMgT ) ) 254 1 Ol e

combining (3.4) and choosing r = (s +¢€)/s > 1, from (3.9) we have

T
3:10) [ ullgs 0t € CT2 ] gcsse + T
0

s/(s+e)
2(s+e)/s e/s s+e)/s
(O e+ 190 a)

We now estimate the norm of u,w in H*~!'%¢ and H*T¢. We apply the operator
As71+¢ t0 (1.1); and take the inner product with AS~!1T¢4. Then

(B11) 3 SN AT < 0N - V), AT )

+ CHATTE[(b- V)], A Ew)|
+ OJ(AS (Y x w), A )|

3
23
i=1

N =
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By the Sobolev interpolation and the Young inequality, we have

I + I, = C|{(A*1div(u @ u), A5~ 12|
+ C{A* 1 div(b @ b), A1 T254)|

< Ollullre ull =12 + b3 [ o

< C(ullgre-sse full i) 21l e e el e
+ OBl ol 3o e el

< Cllul 32 + iz + - || [ue

and ]
I3 = EIIAS“UH%z + O[T w2
Operating with A*~* on (1.1), and taking the inner product with A~ 1w

1d

(312) A )+ A%+ A ] < YA - Fyu, A )

+ CHA™H(V x u), A5 Tw)|
5
L Z]Z.
i=4

Now, we estimate the two terms on the right-hand side by using the Kato-Ponce
inequality [11], [12

]. Next, we estimate I; in three cases. For the case s +¢ = 5/2
we have

Iy = C|{(A*tdiv(u ® w), A* w)|
= Cl{(AHu - V), A*Tw) — ((u- VA " Lw), A5 Tw)|
< C(IVull A" w] o + ATl o0 [ V0] | A" ]
< Cllull 2 o 4 ]| A w2

Hsfl«#s

For the case 3/2 < s+¢ < 5/2,

I = C|{(A*tdiv(u ® w), A*1w)|
<O we w)[[[A%w]

< C(||ullpose-2s-20) |A° " ]| o/ c2srae—2)
+ 1A ull o/ 20 1wl o< ) [| A%

< Olfull gro-vee | A* o[ 7372 | Asww]| /2757

- 1
< Cllull g2 2780wl + JlIA%w]

Hs—1+e
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For the case s +¢ > 5/2,

Iy = C|{A*'div(u ® w), A* w)|
<O u @ w)|[|A%w]
< Cllull o l|A* " w ]| + A ull pos 520 [[w]] /2 ) [|A "]

4/(2542e—3) | 4 s— 1 _
< Cllall 22N w0l + S IA% P + [l e A ]

Is = Cl(AS"Y(V x ), A>1w))|

1
< glIATEul® + CATT w2,

From the above estimates and (3.11)—(3.12) it follows

313 +d

< Cllull 35205 + Cllully 2322 A o)

1 1
S lulldse + gIA%w]?
+ CIAT w2 4 A e

< Cllull3 50 + Cllull 3 25727 + il

1 1, ..
Sl + Clhu? + A%
Combining (3.5) and (3.13), we have

d
(3.14) E(HUH?-IS—H'E HlwllFe—n) + el Frere + wlz.

< CJful X2 4 Ol B2 4w

2(1+
+ O + Clol| 4 + Clu))? + [|w]|2z + Mo)
< Co([ullZymrse + ]| 2y ) mex{(140)/24/ (25+2e-3),2}

+ C3 |0 X1 4 Oy bl + Cs M.

We will choose T* > 0 such that ||b]|g= < 2||bo||g= for all ¢ € [0,T*]. Set

My £ |Jug|| grs—1+ + ||wol| grs—1,
My 2 22049 g bo || 22H) 4 240, ||bo |4 + Cs Mo,

1+e¢ 4
X:max{ , ,2}
25 +2e—3

and choose T* sufficiently small so that

(3.15) 0<(1—(x—1)CoT (M2 +TM)XH~VO&=Y <9 YT e(0,T%)

5 (A2 4 A ) 4+ A ul? + [ A%w]? + A w]?
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and

(3.16)  C.T/2M; + C T+ /s[92(s+9) /sy |35+
In2
+(ME® 4+ 1)(2XCoT (M2 + TMy)X + MyT) + T)*/(5+9) < g—
1

forall 0 < T < T*.
Denote
T =sup{Tp € [0,T7]; ||b|lzs < 2||bol|m= Vt € [0,To]}.

Suppose that T' < T*. Then from (3.4) and (3.14) we have for all ¢t € [0, T,

(3.17) el + loll3ges) + Ml e + el

3
< Coll[ulZemsee + [Jw]|2ema)X + 22049 Gy o 702
+ 24C4||b0||31'{5 + Cs My
< Co[[ull3emrve + [[w]|3ems)X + Mo,

Using standard ODE comparison techniques (see Theorem 6 in [2]) and (3.15), we
obtain

(3.18) ([l 3emrse + lJw]|Fremise)
< (M? +TMs)(1 = (x — 1)CoT(M? + T My)x—1)=1/Gb
< 2(M?E +TM,).

Inserting (3.18) into (3.17) and integrating over [0, T yields
T
(3.19) / (|l 2rere + Jw||Frs) dt < 2XCoT (M} + T M2)X + MoT.
0
Substituting (3.19) and ||b||z= < 2||bo|| gs into (3.10), by (3.16), we get

T
(3.20) / (||l grasr) dt < C.T</2M, + C.T+e)/s 4 C«ET(ere)/s[22(s+6)/sT”bOHi§:‘+6)/s
0

+ (MJ"* 4+ 1)(2XCoT(M? + T My)X + MyT) + T)*/(+¢)
In2
Cr’
Substituting this into (3.8) ensures that ||b||gs= < 2||bo| g+ for all ¢ € [0,T], con-
tradicting the maximality of T'. It follows that T' = T™* and hence,

[bll s < 2[|bolars,  t € [0,T7].
Theorem 1.1 now follows from (3.18), (3.19) and (3.20). O
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