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UNIQUENESS OF WEAK SOLUTIONS
TO A KELLER-SEGEL-NAVIER-STOKES MODEL
WITH A LOGISTIC SOURCE
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Abstract. We prove a uniqueness result of weak solutions to the nD (n > 3) Cauchy
problem of a Keller-Segel-Navier-Stokes system with a logistic term.
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1. INTRODUCTION

We consider the following model of a Keller-Segel-Navier-Stokes with a logistic
source [11], [17]:

(1.1) Owu+u-Vu+ Vr — Au =nVo,

(1.2) divu =0,

(1.3) on+u-Vn—An+n*—an=—V-(nVp) — V- (nVq),
(1.4) Op+u-Vp—Ap = —np,

(1.5) dq+u-Vg—Ag+qg=mnin RY x (0,00),

(1.6) (u,n,p,9)(-0) = (uo,10,p0,90)(-) in RY (N > 3),

where u is the velocity of the fluid, 7 is the pressure, n, p and ¢ denote the density
of amoebae, oxygen and chemical attractant, respectively. The smooth function
¢ := ¢(z) is a potential, a is a real constant.
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When ¢ = 0, system (1.1) and (1.2) reduces to the incompressible Navier-Stokes
system. Ogawa and Taniuchi [14] obtained the uniqueness criterion

(1.7) Vu € Llog L(0,T; B,  (RY))
with
. T
(18 LlogL0.T58% ) = {15 [ Il tonte+ Iflle_ )t <oc}.
0 : :
We note that Kozono et al. [12] showed that w is smooth if
(1.9) Vue L'(0,T; BY, ).

Here Bgom is the homogeneous Besov space.
On the other hand, when u = 0, system (1.3), (1.4) and (1.5) reduces to the
Keller-Segel system [8], [9], [10], which has been dealt with in many studies [1], [2],
[6], [7], [15], [16], [18].
Very recently, Fan-Zhao [5] (see also [3], [4]) established some regularity criteria
when ¢ = 0.

We will assume that
(1.10) Vp e L0770, T; X,.),Vq € L¥(=9(0,T; X,) with0 <7, s<1

and

(111) 151, = supf SR 5 2 0},

The space X, of pointwise multipliers maps H7 into L2. The pointwise multipliers
between different spaces of differentiable functions have been studied [13]. They are
a useful tool for stating minimal regularity requirements on the coefficients of partial
differential operators for proving uniqueness or regularity of solutions.

The aim of this paper is to prove a uniqueness result:

Theorem 1.1. Let ug € L?, ng € L'NH 'NL®, py € L?°NL>®, qo € L?,
divug = 0, ng,po,qo = 0 in RY. Suppose that ¢ = ¢(z) is a smooth function.
If (1.7) and (1.10) hold, then problem (1.1)—(1.6) has at most one weak solution.
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Let nj, 5 = 0,£1,£2,43, ..., be the Littlewood-Paley dyadic decomposition of
. o0
unity that satisfies ) € C§° (B2 \ By2), 1;(§) = 0;(277¢) and > 1;(£) = 1 except

j=—0o0
for ¢ = 0. To fill the origin, we put a smooth cut of 1 € S(R3) with $(¢) € C§°(By)
such that

(1.12) IS IGE

=0

The homogeneous Besov space BIS) g =1 €8 |Ifllgs < oo} is introduced by
’ P:q
the norm

00 ) 1/q
By, = ( > N2 *fll%p)

j=—o0

(1.13)

forse R, 1 <p, q< 0.

Definition 1.1 (Weak solutions). We say that (u,n,p,q) is a weak solution to
problem (1.1)—(1.6) if the following conditions are satisfied:
(i) 0 < n,p,q, u,p,q € L=(0,T; L*)NL2(0,T; HY), n € L>(0,T; LYYNL?(0,T; H')
with 2 <1 < oc;
(ii) fOT J(—uwy — u ® u: Vw + Vu: Vw)drdt = fOTangow dz dt holds for any
T >0, and any w € C°(RY x (0,7T)) with divw = 0, and u satisfies the energy
inequality

1 ! 1 !
§/|u|2dm+/ /|Vu|2dxds< §/|u0|2dm+/ /anpudmds, ae. 0<t< Ty
0 0

iii) fOT Juvvdadt =0 holds for any T > 0 and any v € C§°(RY x (0,7));
iv) fOTf(—nﬁt unVE+F VnVE+n2é — an§ Ydzdt = fo J(nVp+nvq)vEda dt holds
for any 7' > 0 and any & € C$°(RY x (0,7));
v) fOTf(—pnt — upVn + VpVn + npn)dzdt = 0 holds for any T > 0 and any
n € C*(RY < (0,7));
(vi) fOT J(—q& — uqvf + VqVE + qf)dxdt = fo [ n&dz dt holds for any 7' > 0 and
any & € C5°(RY x (0,7)).

It is easy to prove the existence of weak solutions [17] and thus we omit the details
here; we only need to prove the uniqueness.
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2. PROOF OF THEOREM 1.1

This section is devoted to the proof of Theorem 1.1. First, from the equations
of n, p, ¢ and the maximum principle we see that

(2.1) n,p,q=0 p<C.

For any [ > 2, testing (1.3) by n'~', using (1.10) and denoting w := n'/2, we
obtain

1d w? dr + -1 /|Vw|2 da:—l—/nl'H dz

I dt 12

:C/w(Vp—l—Vq)dex—l—/anl dx

< C(|wVpl 2 + [wVl|2) | Vewl| 2 + Clw||2a
<C(IVpll g llwl g DIVl L2+ Cllwl3
< CHVpHX ||w|\2J||Vw||1+* LoVl 1 4 COllw| 2
l 2/(1— 2/(1—s
VPl + 1l w3z + Cllwl3s,
which gives
(22) 7l oo,y + Inll 20,71y < € for any I 2> 2

Testing (1.1) by u, using (1.2) and (2.2), we observe that

- / fuf? de + / Vul? o = / nVudz < ||l ]| Vell = llull 22 < Cllullze,
which implies
(2.3) lullLo<(o,m;z2) + llullz2(0,7;m1) < C.

Testing (1.4) by p and using (1.2) and (2.1), we deduce

1d

2 _
°% pdx+/|Vp| dx+/np dz =0,

which implies

(2.4) ol oo, 722y + PNl 20,701y < C.
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Similarly, testing (1.5) by ¢ and using (1.2), (2.1) and (2.2), we infer that

1d

33 [ @t [19aPas [dao= [nade < nlialalze < Clale,

which gives
(2.5) llall Lo (o,7;L2) + llallz2(0,7;m1) < C.

Now we are in a position to show the uniqueness of weak solutions. Let
(uj,m5,n5,p5,45) ( =1,2) be the two weak solutions. We denote

U:=uy —UuUz, 7T:=T7T1—T2, N=N1—N2, P:=pP1—pP2, (¢:=dqg1—q2.

It is easy to see that

(2.6) O+ uy - Vu+ V1 — Au=nVp —u- Vug,

(2.7) On — An ==V - (ugn + uny) — V- (nVp1 + n2Vp)
— V- (nVaq1 +n2Vq) + an — (n1 + na)n,

(2.8) O +uy-Vp—Ap+nip = —u- Vpy — npa,

(2.9) Og+ur -Vg—Agq+qg=n—1u-Vq.

Define ¢ satisfying
(2.10) ~A¢£ =n.

Testing (2.6) by u and using (1.2), we deduce by a formal argument:

1d
(2.11) S d@ |u|2dx—|—/|Vu|2dx:/anpudx—/u~VuQ~udx = I + L.

Indeed, this process can be justified by a very similar argument in [14] and thus
we omit it.
We bound I; as follows:

1
(212) L < Infle2 | Velles flull e < ClAE 2 lull s < 61 ACHZ: + CllulZe.

We decompose us into three parts in the phase variable:

M
(2.13) Ug = Z 5 * U + Z nj*ug—i—an*ug::ulQ—l—ug”—l—ug.
j<—M j=—M i>M
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Thus,

(2.14) L= /u'Vu'ulex—/u'Vugn'udx—i—/u'ungdx =L+ I+ 1b
Recalling the Bernstein inequality

(2.15) lnj * ull o < C2NVP=H DI scul| s, 1<p<g< oo,

the low-frequency part is estimated as

(2.16) I3 < ull parvsov - [|Vul| L2 |ub]| v
<C|Vulf. > 2NOETUNins w2
j<—M
\1/2 > 1/2
<alvult( 5 22 (5 Iyl
j<—M j=—00
< OVl 722~ V2N || -
< C||Vu||2L22*(N*2)M/2.
The second term can be bounded as follows:
M
(2.17) 17" < [l 32 Vus (o~ < Cllullfz Y |lny = Vual| L~
j=—M

< CMul3l Vsl 5.

On the other hand, the last term is simply bounded by the Hausdroff-Young
inequality as

(218) I3 < ||Vl al|ull g2 Jug]|
<AVullzellullze Y H(=2)"200-0 415 +0j0)} %05 % (—A)2un| e
j>M
< OVl pzllullz Y 277 |ln * (—A)! uz| =
i>M

< O2 M| Vul| 2lfu 2 | Vuall g _

< C2Mlul Bl Vuslyy  +C2 7Y Va3

Choosing M properly large so that C2-M/2 % and 02_M||VuQ||BO <1, we
arrive at Y

1
(2.19) I < 1—6||vu||iz + Ollull 22l Vuzl o, (1 +1og(e + [[Vuallgo ).
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Testing (2.7) by £ and using (2.10), we have

d
(2.20) %&/|V§|de+/(Af)2 dz
= —/u2V£A§ dx+/unV§dx+/(an1 +n2Vp)VEda

+ /(an1 +n2Vq)VEder + /an§ dzx + /(m + n2)éAEdx

Similarly to (2.19), we have
1
(2.21) Iz < $EllACIT: + CI VeIl Vuall gy, (1 +logle+ [[Vuzllzy ))-
We bound I; (j =4,...,8) as follows

(2.22) Iy < lullzzllnall oy [VE] vy ov—n < Cllull 2] VE|| o/ ov—)

< Cllull = IVEIZIALIYR < T IAEI3 + CIVERs + Clula.

Here we have used the Gagliardo-Nirenberg inequality

(2.23) V€| ansin—n < C||VE| TR AL]3L
(2.24)  Is < || 22|VE - Vpill 2 + nall g2 || V0] 22 V€] ansov—
< anfannvplnx V€] g + ClIVpl|L2 | VE L2 AL 24
< HVm SIALET + O V|| 2 || VEN A2 AL 14
< 1—6||A5HL2 +C||Vp1||§§j‘”"nvg||%z +C|VE|2: + 1—6|\Vp||%2.

Similarly to I5, we have

1 s 1
(225) Io < g5l ALl7e + CIVaLllY "V IVEIZ: + CIVEIR: + 611 Vallze,

(2.26) Iy :a/|V§|2dx,
(2.27)  Is < |na 4 nall v |AE] L2 1€l vy av-2) < ClIAE| 2] VE]| 2
1
< 1gllaglis +Clvelis.
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Inserting the above estimates into (2.20), we have

(2.28) 2dt/|V£|2d +—/|A£|2dx

< CIIVEIR:lIVuzll 3o, (1 +log(e + [Vuallpy )
+ CIIVElI3: + Cllull?a + Cl VP 1347 v¢]13

2/(1-s 1 1
+CIVall "V IVElz: + 6 1VplE: + 611 Vallze:

Testing (2.8) by p, using (1.2) and (2.1), we have
1d 2 2 2
(2.29) s | P de+ [ |Vpl*de + [ nip®dz

= —/u'Vpg'pdx—/npgpdx:/upQVpdx—/npgpdx

[ull2llp2ll o< VPl L2 + (P2l o< [0l 2 [lp]| 2

N

N

1 1
I9pl3: + TN + Clul3: + Cllpl

Testing (2.9) by ¢ and using (1.2), we have
1d
5T qda:+/|Vq|2da:+/q dx

= /nqdm—/u-ngqu

[nllzzllgllzz + llu - Vaa| L2llgll 2
|AE 2 llgllz2 + Cl Vg2
1AL L2 llgll 2 + ClI Va2l x

(2.30)

7o l1qll 2
1 IV ulga gl e

1 1 2/(1—s
< gllAlIze + I Vullis + Cllallzs + ClIVa: [

INCININ

ull -
Inserting (2.12) and (2.19) into (2.11), then adding up to (2.28), (2.29) and (2.30)
and using the Gronwall inequality, we conclude that
u=0, n=p=q=0,
and thus

U =1u2, N1 =mn2, p1=p2 and q = qo.

This completes the proof. ([
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