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Abstract. We are concerned with a transmission problem for the Kirchhoff plate equation
where one small part of the domain is made of a viscoelastic material with the Kelvin-Voigt
constitutive relation. We obtain the logarithmic stabilization result (explicit energy decay
rate), as well as the wellposedness, for the transmission system. The method is based on
a new Carleman estimate to obtain information on the resolvent for high frequency. The
main ingredient of the proof is some careful analysis for the Kirchhoff transmission plate
equation.
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1. Introduction

Engineering applications give rise to fluid-structure interactions, composite lami-

nates in smart materials and structures, structural-acoustic systems, and other inter-

active physical processes, which are modeled by coupled partial differential equations

(transmission systems). Control design and stability analysis for such systems have

become active over the past decades: we refer to [4], [18], [35], [39] for the stabil-

ity analysis of the heat-wave transmission system, to [17], [9], [6], [5], [25], [7], [8]

for the uniform stabilization, polynomial stability and backward uniqueness of the

fluid-structure transmission system, and to [37] for the stabilization of heat-plate

transmission systems, respectively. We are interested in the transmission system of

wave and/or plate equations, which attracts much attention and has strong physi-

cal backgrounds; for example, it can describe the displacement of flexible structures
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consisting of two physically different types of materials. One approach to the sup-

pression of vibration of elastic structures is to bond patches made of special materials

to the underlying structures as passive or active controllers. Due to the presence of

the patches, the material properties of the structure, such as the elasticity mod-

uli, damping coefficient, and Poisson ratio, are changed. In particular, the jump

discontinuity at the location of the edges of the patches is usually introduced to

these properties. This passive method, on the one hand, makes the distributed con-

trol practically applicable, but on the other hand, brings some new mathematical

challenges which attract increasing research interests.

In recent years, the study of the stabilization problem for wave and/or plate trans-

mission systems has drawn a lot of attention. The stabilization for the wave trans-

mission system was discussed in [33], [16], [15], [10], [14], [34], [38]. For the 1D

transmission system, Liu-Williams [33] and Bastos-Raposo [10] proved exponential

decay under some conditions on the difference between the speeds of propagation.

Later, Chai-Liu [15] and Chai [14] studied the stabilization and uniform decay rate

for the wave transmission system with variable coefficients, respectively. Also, Chai-

Liu-Liu [16] showed the stability for elastic systems with the global or local Kelvin-

Voigt damping. Recently, Ramos-Souza [34] considered the equivalence between ob-

servability at the boundary and stabilization for the 1D transmission system, while

Zhang [38] proved that the energy for a multi-dimensional elastic-viscoelastic wave

transmission system does not decay exponentially.

Also, the stabilization for the wave/plate or string/beam transmission system

was discussed in [1], [2], [22], [21], [30]. Ammari-Jellouli-Mehrenberger [1] studied

the feedback stabilization for the 1D string/beam transmission system and recently,

Li-Han-Xu [30] showed that the energy decay rate of this system depends on the

location of frictional damping. Ammari-Nicaise [2] established the exponential sta-

bility for a damped wave equation coupled with a damped Kirchhoff plate equation

under some geometric condition. Recently, Hassine [22] studied a polynomial sta-

bilization for the 1D wave/plate transmission system with the local Kelvin-Voigt

damping and Hassine [21] proved an exponential stability result for the multidimen-

sional wave/plate transmission system.

Next, we discuss some recent results for the stabilization of a plate or beam trans-

mission system this paper is concerned with. Liu-Liu [31] first obtained the exponen-

tial stability for the Euler-Bernoulli beam equation with the local Kelvin-Voigt damp-

ing (see also [32]). Recently, the same result was proved for the Euler-Bernoulli beam

transmission equation in Hassine [20]. Ammari-Vodev [3] obtained the exponential

result by a boundary stabilization for the Euler-Bernoulli plate transmission system.

Recently, Hassine [23] proved the logarithmic stability for the Euler-Bernoulli plate

transmission system with the local Kelvin-Voigt damping.
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However, to our knowledge, very little is known about the stabilization for the

Kirchhoff plate transmission system (see [24] for the Kirchhoff plate model and its

boundary stabilization). The main purpose of this paper is to study this problem and

as the first step toward this goal, we consider the following initial boundary value

problem for the Kirchhoff plate transmission equation with the local Kelvin-Voigt

damping:

(1.1)





∂2t (u1 − β∆u1) + ∆(c21∆u1 + a∆∂tu1) = 0, x ∈ Ω1, t > 0,

∂2t (u2 − β∆u2) + ∆(c22∆u2) = 0, x ∈ Ω2, t > 0,

u1 = u2, ∂νu1 = ∂νu2, x ∈ S, t > 0,

c21∆u1 = c22∆u2, ∂ν(c
2
1∆u1) = ∂ν(c

2
2∆u2), x ∈ S, t > 0,

u2 = 0, ∆u2 = 0, x ∈ Γ, t > 0,

u1 |t=0 = u01(x), ∂tu1 |t=0 = u11(x), x ∈ Ω1, t > 0,

u2 |t=0 = u02(x), ∂tu2 |t=0 = u12(x), x ∈ Ω2, t > 0,

where Ω and Ω1 are two open, bounded and connected domains in R
n (n > 2)

with smooth boundary (of C∞-class) Γ and S, respectively, such that Ω1 ⊂ Ω and

S ∩ Γ = ∅, Ω2 = Ω \ Ω1 which is an open connected domain with the boundary

∂Ω2 = Γ ∪ S. Also, ui (i = 1, 2) denote the displacements of the plates at time t

and position x, ν denotes the unit outward normal vector to Ω2 and Ω on S and Γ,

respectively, ck > 0 (k = 1, 2) are positive constants, a := a(x) are non-negative

bounded functions in Ω1 and β > 0 is a parameter in front of the inertial term.

We assume that a vanishes near the boundary S and there exists a non-empty open

domain ω ⊂ Ω1 such that a > a0 in ω for some strictly positive constant a0, which

implies that in a viscoelastic material with the Kelvin-Voigt constitutive relation,

a transmission effect has been established in such a way that the damping is locally

effective on only one side of the interface.

When β = 0, the system (1.1) reduces to the Euler-Bernoulli plate transmission

problem.

The energy of the solution of the system (1.1) at time t > 0 is defined by

E(t) =
1

2

∫

Ω1

(|∂tu1(x, t)|
2 + β|∂t∇u1(x, t)|

2 + c21|∆u1(x, t)|
2) dx

+
1

2

∫

Ω2

(|∂tu2(x, t)|
2 + β|∂t∇u2(x, t)|

2 + c22|∆u2(x, t)|
2) dx.

By Green’s formula we can prove that for all t1, t2 > 0 we have

E(t1)− E(t2) = −

∫ t2

t1

∫

Ω1

a(x)|∆∂tu1(x, t)|
2 dxdt

and this means that the energy is decreasing over the time.
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We introduce the function spaces

H = L2(Ω1)× L2(Ω2) with the norm ‖(u1, u2)‖
2
H =

2∑

j=1

∫

Ωj

u2j(x) dx,(1.2)

V = {(u1, u2) ∈ H : u1 ∈ H1(Ω1), u2 ∈ H1(Ω2), u2|Γ = 0, u1|S = u2|S}(1.3)

with the norm ‖(u1, u2)‖
2
V =

2∑

j=1

∫

Ωj

(u2j(x) + β|∇uj(x)|
2) dx,

W = {(u1, u2) ∈ V : u1 ∈ H2(Ω1), u2 ∈ H2(Ω2), ∂νu1|S = ∂νu2|S}(1.4)

with the norm ‖(u1, u2)‖
2
W =

2∑

j=1

∫

Ωj

c2j |∆uj(x)|
2 dx.

Then H , V , andW are Hilbert spaces satisfyingW ⊂d→ V ⊂d→ H , where ⊂d→ denotes

continuous dense embedding (see Lemma 2.1). So, if we identify the Hilbert space H

with its dual space H∗, then we have

(1.5) W ⊂d→ V ⊂d→ H ⊂d→ V ∗ ⊂d→ W ∗.

Next, we define linear and bounded operators A, B ∈ L(W,W ∗) and C ∈ L(V, V ∗) by

(1.6) 〈Au, v〉W∗,W =
2∑

j=1

∫

Ωj

c2j∆uj(x)∆vj(x) dx,

〈Bu, v〉W∗,W =

∫

Ω1

a(x)∆u1(x)∆v1(x) dx

for u = (u1, u2), v = (v1, v2) ∈ W and

(1.7) 〈Cu, v〉V ∗,V =

2∑

k=1

∫

Ωk

(ukvk + β∇uk · ∇vk) dx

for u = (u1, u2), v = (v1, v2) ∈ V, respectively, where 〈·, ·〉X∗,X denotes the duality

pairing between X and X∗. It is easy to check that the operator C is the isomorphism

from V onto V ∗ by the Lax-Milgram theorem.

Now we are able to state our main results. To this end, we define the operator A by

(1.8) A

(
u

v

)
=

(
v

−C−1(Au + Bv)

)
, (u, v) ∈ D(A),

in the Hilbert space H =W × V with the domain

(1.9) D(A) = {(u, v) ∈ W ×W : Au+ Bv ∈ V ∗}.
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Then, we have the following resolvent estimate.

Theorem 1.1. There exist positive constants C > 0 and c > 0 such that for every

µ ∈ R with |µ| large, we have

(1.10) ‖(A− iµIH)−1‖L(H) 6 Cec|µ|,

where IH is the identity operator in the space H.

As an immediate consequence of the previous theorem (for example [11], Theo-

rem 1.5 or [13]), we get the following rate of decrease of energy.

Theorem 1.2. Assume that iR ∩ σ(A) = ∅, where σ(A) denotes the spectrum

set of A, and (1.10) holds. Then for any l ∈ N, there exists a constant C > 0 such

that for any initial data (u0, u1) ∈ D(Al), the energy E(t) of the system (1.1) whose

solution u(x, t) starts from (u0, u1) satisfies

E(t) 6
C

(ln(2 + t))2l
‖(u0, u1)‖2D(Al),

where u0 = (u01, u
0
2) and u

1 = (u11, u
1
2).

Now we make some comments on the analysis in this paper. We aim to dis-

cuss the stabilization of a transmission system of coupling plate equations with the

Kelvin-Voigt damping, which is one type of the viscoelastic damping. Here, we would

like to emphasize that the operator corresponding to the Kelvin-Voigt damping is

unbounded on the underlying space and is not a lower-order perturbation of the

elastic operator. Compared with the case [23] of the Euler-Bernoulli plate transmis-

sion system, the main difficulties are due to the appearance of −β∆∂2t uj (j = 1, 2)

in (1.1)1,2, which consists of terms including the fourth order derivative with respect

to spatial and time variable. In order to show the existence of mild solutions for

the C0-semigroup of contractions, we need to consider the operator equation of the

type Cutt + But + Au = 0, where C is not the identity operator, which is the first

difficulty. To circumvent the difficulty, we construct function spaces V and W with

new equivalent norms and it is essential to prove that the operator A is a generator

of a C0-semigroup of contractions in W × V (see Theorem 2.1). Next, to prove the

resolvent estimation (1.10), we should obtain Carleman type estimates for a new

system (3.18), which is different from the case of β = 0. To this end, we transform

the fourth order system (3.18) into the second order system (3.22), add the terms for

β > 0, and obtain the estimate of the solution for the system (3.22) (see Lemma 3.1).
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The outline of this paper is as follows. In Section 2 we prove the existence and

uniqueness of solution to the problem (1.1). Section 3 is mainly devoted to the

resolvent estimate given by Theorem 1.1.

2. Existence and uniqueness

This section is devoted to the existence, uniqueness and regularity of solutions to

the system (1.1).

2.1. Reduction to an operator differential equation. First, we have

Lemma 2.1. Let H , V and W be the function spaces defined in (1.2)–(1.4),

respectively. Then they are Hilbert spaces satisfying W ⊂d→ V ⊂d→ H .

P r o o f. It is obvious that H is Hilbert space.

We prove that V is a Hilbert space and V ⊂d→ H . It is sufficient to prove that

u ∈ H1
0 (Ω) and ‖(u1, u2)‖V is equivalent to ‖u‖H1(Ω) when (u1, u2) ∈ V , where

u(x) =

{
u1(x), x ∈ Ω1,

u2(x), x ∈ Ω2.

In fact, using that u1 ∈ H1(Ω1), u2 ∈ H1(Ω2) and u1|S = u2|S , we obtain u ∈ H1(Ω),

which implies u ∈ H1
0 (Ω) together with u|Γ = 0. The equivalence of norms is obtained

from

min{1, β}‖u‖2H1(Ω) 6

2∑

j=1

∫

Ωj

(u2j + β|∇uj |
2) dx 6 max{1, β}‖u‖2H1(Ω).

Next, we prove that W is Hilbert space and W ⊂d→ V .

It also is sufficient to prove that u ∈ H2(Ω)∩H1
0 (Ω) and ‖(u1, u2)‖W is equivalent

to ‖u‖H2(Ω) when (u1, u2) ∈ W , where

u(x) =

{
u1(x), x ∈ Ω1,

u2(x), x ∈ Ω2.

Obviously, W ⊂ V and u ∈ H1
0 (Ω).

As u1|S = u2|S and ∂νu1|S = ∂νu2|S , the direct calculation shows
∫

Ω

u
∂2φ

∂xi∂xj
dx =

∫

Ω1

u1
∂2φ

∂xi∂xj
dx+

∫

Ω2

u2
∂2φ

∂xi∂xj
dx

= −

∫

Ω1

∂u1

∂xi

∂φ

∂xj
dx−

∫

Ω2

∂u2

∂xi

∂φ

∂xj
dx

=

∫

Ω1

∂2u1

∂xi∂xj
φdx+

∫

Ω2

∂2u2

∂xi∂xj
φdx
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for φ ∈ C∞
0 (Ω) and i, j = 1, . . . , n, which means

∂2u

∂xi∂xj
∈ L2(Ω)

and

(2.1)
∂2u(x)

∂xi∂xj
=






∂2u1(x)

∂xi∂xj
, x ∈ Ω1,

∂2u2(x)

∂xi∂xj
, x ∈ Ω2.

Therefore, u ∈ H2(Ω) ∩H1
0 (Ω).

To prove the equivalence of ‖(u1, u2)‖W and ‖u‖H2(Ω), it is sufficient to check that

(2.2) ∃m > 0 ∀ (u1, u2) ∈ W,

2∑

j=1

∫

Ωj

c2j |∆uj(x)|
2 dx > m‖u‖2H2(Ω).

Using (2.1) and the estimate ‖y‖H2(Ω) 6M‖f‖L2(Ω) for the solution y to the bound-

ary value problem {
−∆y = f ∈ L2(Ω) in Ω,

y = 0 on Γ,

we have

2∑

j=1

∫

Ωj

c2j |∆uj(x)|
2 dx > min{c21, c

2
1}‖∆u‖

2
L2(Ω) >

min{c21, c
2
1}

M2
‖u‖2H2(Ω),

which implies (2.2). The proof of the lemma is completed. �

Next, we derive the second order operator differential equation from the sys-

tem (1.1).

Let (u1, u2) be the classical solution to the system (1.1). Then, multiplying (1.1)1
and (1.1)2 by φ1 and φ2 with (φ1, φ2) ∈ W, respectively, and integrating them over Ωj
(j = 1, 2) to add the resulting equalities yields

(2.3)

2∑

j=1

(∫

Ωj

∂2t (ujφj − β∆ujφj) dx+

∫

Ωj

∆(c2j∆uj)φj dx

)

+

∫

Ω1

∆(a∂t∆u1)φ1 dx = 0.
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By (1.1)3–(1.1)5 and supp(a) ⊂ Ω1, we have

(2.4) −
2∑

j=1

∫

Ωj

∂2t∆ujφj dx =

2∑

j=1

∫

Ωj

∇∂2t uj · ∇φj dx,

2∑

j=1

∫

Ωj

∆(c2j∆uj)φj dx =

2∑

j=1

∫

Ωj

c2j∆uj∆φj dx,

∫

Ω1

∆(a∂t∆u1)φ1 dx =

∫

Ω1

a∆∂tu1∆φ1 dx.

Substituting (2.4) into (2.3) yields

(2.5)

2∑

j=1

∫

Ωj

(∂2t ujφj + β∇∂2t uj · ∇φj) dx

+
2∑

j=1

∫

Ωj

c2j∆uj∆φj dx+

∫

Ω1

a∆∂tu1∆φ1 dx = 0.

By (2.5), (1.6) and (1.7), we have

〈Cutt, φ〉V ∗,V + 〈Au, φ〉W∗,W + 〈But, φ〉W∗,W = 0

for φ = (φ1, φ2) ∈ W, which means the operator differential equation of the second

order

(2.6) Cutt +Au+ But = 0 in W ∗.

Noticing that the operator C is an isomorphism from V onto V ∗, we rewrite (2.6) as

(2.7) utt + C−1(Au + But) = 0 in V

for (u, ut) ∈ D(A) (see (1.9)).

Setting v = ut and using (1.8), the equation (2.7) is reduced to the system of first

order operator differential equations

(
ut

vt

)
= A

(
u

v

)
in W × V.

2.2. Existence and uniqueness of a mild solution. The main result of this

subsection is

Theorem 2.1. The operator A defined in (1.8) generates a C0-semigroup of con-

tractions in H =W × V .
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P r o o f. According to the Lumer-Phillips theorem (see for example [19]) we only

have to show that A is m-dissipative.

Let (u, v) ∈ D(A). Then by (1.8), C ∈ Isom(V, V ∗) and (1.3), we have

(2.8)

〈
A

(
u

v

)
,

(
u

v

)〉

H

= 〈v, u〉W −
〈
C−1(Au + Bv), v

〉
V

= 〈v, u〉W − 〈Au, v〉W∗,W − 〈Bv, v〉W∗,W ,

where 〈·, ·〉X is the scalar product in the Hilbert space X .

By (1.4) and (1.6), we obtain

(2.9) Re 〈v, u〉W = Re
2∑

j=1

∫

Ωj

c2j∆vj(x)∆uj(x) dx

= Re

2∑

j=1

∫

Ωj

c2j∆uj(x)∆vj(x) dx = Re 〈Au, v〉W∗,W ,

〈Bv, v〉W∗,W =

∫

Ω1

a(x)|∆v1(x)|
2 dx > 0.

By (2.8) and (2.9), we get

Re

〈
A

(
u

v

)
,

(
u

v

)〉

H

6 0,

which implies that A is dissipative.

So, to show that A is m-dissipative we find (u, v) ∈ D(A) such that

(IH − A)

(
u

v

)
≡

(
u− v

v + C−1(Au+ Bv)

)
=

(
f

g

)
in W × V

for any (f, g) ∈W × V . It is sufficient to prove that there exists v ∈W such that

(2.10) Cv +Av + Bv = g in V ∗

for any g ∈ V ∗. By (1.5)–(1.7) and (2.9)2, we have

(2.11) 〈Cw +Aw + Bw,w〉W∗,W = 〈Cw,w〉V ∗,V + 〈Aw,w〉W∗,W + 〈Bw,w〉W∗,W

> ‖w‖2V + ‖w‖2W > m1‖w‖
2
W

for any w ∈W , where m1 > 0 is a positive constant independent of w. Using (2.11)

and the Lax-Milgram theorem, we have (2.10). The proof of the theorem is com-

pleted. �
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A consequence of Theorem 2.1 is that, if we assume that (u0, v1) ∈ D(A), there

exists the unique solution to the system (1.1) which can be expressed by means of

a semigroup on H as

(2.12)

(
u

ut

)
= etA

(
u0

u1

)
,

where e−tA is the C0-semigroup of contractions generated by the operator −A, u =

(u1, u2), u
0 = (u01, u

0
2) and u

1 = (u11, u
1
2). Moreover, we have the regularity of the

solution (
u

ut

)
∈ C([0,∞);D(A)) ∩ C1((0,∞);H).

Besides, if (u0, u1) ∈ H, then the function (u, ut) given by (2.12) is the mild

solution of the system (1.1), (u, ut)(t) ∈ D(A) for all t > 0 and

(
u

ut

)
∈ C([0,∞);H).

3. Resolvent estimate

3.1. Carleman estimate and construction of weight functions. In this

subsection, we give the Carleman estimate and construction of the weight functions,

which plays an important role in the proof of Theorem 1.1.

We first recall the local Carleman estimate at the interface described in [29] by Le

Rousseau-Robbiano.

In the neighborhood of a point (y0, y) of (0, 1)× S, we denote by xd the variable

that is normal to the interface S and by x′ the remaining spatial variables, that is,

x = (x′, xd). In particular, y = (y′, 0). The interface is now given by S = {x;xd = 0}.

In a sufficiently small neighborhood V ⊂ R
d+1 of (y0, y), we employ normal

geodesic coordinates (with respect to the spatial variables x). For convenience, we

take the neighborhood V of the form (y0 − ε, y0 + ε) × Vy′ × (−ε, ε), where Vy′ is

a sufficiently small neighborhood of y′. We use the notations

R
d+1
+ = {(x0, x) ; xd > 0}, Rd+1

− = {(x0, x) ; xd < 0}, V + = V ∩Rd+1
+ , V − = V ∩Rd+1

− .

We introduce the operator

A(x0, x,D) :=





A1(x0, x,D) = −∂2x0
− ∂2xd

+R1

(
x,
∂x′

i

)
, xd > 0,

A2(x0, x,D) = −∂2x0
− ∂2xd

+R2

(
x,
∂x′

i

)
, xd < 0,

where

R(x, ξ′) =

{
R1(x, ξ

′), xd > 0,

R2(x, ξ
′), xd < 0,
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is a second order polynomial in ξ′ with coefficients in R with the principal symbol

r(x, ξ′) =

{
r1(x, ξ

′), xd > 0,

r2(x, ξ
′), xd < 0,

satisfying

{
r1(x, ξ

′)>C|ξ′|2 ∀xd > 0 ∀ ξ′ ∈R
d−1,

r2(x, ξ
′)>C|ξ′|2 ∀xd < 0 ∀ ξ′ ∈R

d−1.

Then we consider the transmission problem

(3.1)






A(x0, x,D)w = f ∀xd 6= 0,

w(x0, x
′, 0+) = w(x0, x

′, 0−) + θ,

∂νw(x0, x
′, 0+) = ∂νw(x0, x

′, 0−) + Θ,

where θ, Θ are error terms and ν is the unit outward normal vector of Rd+1
+ and

R
d+1
− on the interface S.

Let ϕ be a weight function and we define on both sides of S the conjugate operator

Aϕ = h2eϕ/hAe−ϕ/h

with a small semi-classical parameter and the principal symbol

aϕ(x0, x, ξ) =

{
(ξ0 + i∂x0

ϕ)2 + (ξn + i∂xn
ϕ)2 + r1(x, ξ

′ + i∂x′ϕ), xd > 0,

(ξ0 + i∂x0
ϕ)2 + (ξn + i∂xn

ϕ)2 + r2(x, ξ
′ + i∂x′ϕ), xd < 0.

Assumptions: we suppose that the weight function ϕ is in C∞(V ), φ |
R

d+1

+

∈

C∞(V
+
), φ |

R
d+1

−

∈ C∞(V
−
) and such that

1. |∇(x0,x)ϕ|(x0, x) > 0 in V .

2. For all x0 and x,

∂νϕ(x0, x
′, 0+) > 0 and ∂νϕ(x0, x

′, 0−) > 0, ∂νϕ(x0, x
′, 0+)− ∂νϕ(x0, x

′, 0−) > 1.

3. The sub-ellipticity condition

∀ (x0, x, ξ0, ξ) ∈ V
±
× R

n+1; aϕ1
(x0, x, ξ0, ξ) = 0 ⇒ {Re(aϕ1

), Im(aϕ1
)}(x, ξ) > 0.

Then, we have

Proposition 3.1 ([29], Theorem 2.1). Let K be a compact subset of V and ϕ

a weight function satisfying the above assumptions. Then there exist positive con-

stants h0 > 0 and C > 0 such that

h‖eϕ/hw‖2L2(K) + h3‖eϕ/h∇(x0,x)w‖
2
L2(K) + h‖eϕ/hw‖2L2(KS)

+ h3‖eϕ/h∇(x0,x)w‖
2
L2(KS)

+ h3‖eϕ/h∂νw‖
2
L2(KS)

6 C(h4‖eϕ/hf‖2L2(K) + h‖eϕ1/hθ‖2L2(KS)

+ h3‖eϕ/h∂x0,x′θ‖2L2(KS) + h3‖eϕ/hΘ‖2L2(KS)
)
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for all h ∈ (0, h0] and w satisfying the system (3.1), where w |
R

d+1

+

∈ C∞(K+),

w |
R

d+1

−

∈ C∞(K−) and KS = K ∩ S.

Next, we give the Carleman estimate needed for the resolvent estimate. To this

end, we consider two open and disjoint domains O1 and O2 in which we define the

second order elliptic semi-classical operators P1 = −h2∆−α1h and P2 = −h2∆−α2h,

respectively, with the principal symbol p(x, ξ) = |ξ|2, where h > 0 is a very small

semi-classical parameter and α1, α2 are two positive constants, and we suppose that

∂O1 = γ ∪ γ1, ∂O2 = γ ∪ γ2 and γ ∩ γ1 = γ2 ∩ γ = ∅.

Let ϕ1 ∈ C∞(O1) and ϕ2 ∈ C∞(O2) be two real valued functions. We define

two adjoint operators Pϕ1
= eϕ1/hP1e

ϕ1/h and Pϕ2
= eϕ2/hP2e

ϕ2/h of the principal

symbols pϕ1
(x, ξ) = p(x, ξ + i∇ϕ1) and pϕ2

(x, ξ) = p(x, ξ + i∇ϕ2), respectively.

By denoting ν the unit outward normal vector to O1 and O2 on γ ∪ γ1 and γ2,

respectively, we assume that the weight functions ϕ1 and ϕ2 satisfy Hörmander’s

condition

(1) |∇ϕ1|(x) > 0 for all x ∈ O1 and |∇ϕ2|(x) > 0 for all x ∈ O2.

(2) ∂νϕ1|γ1 6= 0 and ∂νϕ2|γ2 < 0.

(3) ϕ1|γ = ϕ2|γ .

(4) ∂νϕ1|γ < 0, ∂νϕ2|γ < 0 and (∂νϕ1)
2|γ − (∂νϕ2)

2|γ > 0.

(5) the sub-ellipticity conditions in O1 and O2,

∀ (x, ξ) ∈ O1 × R
n; pϕ1

(x, ξ) = 0 ⇒ {Re(pϕ1
), Im(pϕ1

)}(x, ξ) > 0,

∀ (x, ξ) ∈ O2 × R
n; pϕ2

(x, ξ) = 0 ⇒ {Re(pϕ2
), Im(pϕ2

)}(x, ξ) > 0,

respectively. Then, we consider the transmission boundary value problem

(3.2)






−∆w1 −
α2
1

h2
w1 = f1 in O1,

−∆w2 −
α2
2

h2
w2 = f2 in O2,

w1 = w2 on γ,

∂νw1 = ∂νw2 on γ,

w2 = 0 on γ2,

to which the Carleman estimate given by the following proposition belongs.
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Proposition 3.2. Under the above assumptions on the weight functions ϕ1

and ϕ2, there exist positive constants h0 > 0 and C > 0 such that

(3.3)

2∑

j=1

(h‖eϕj/hwj‖
2
L2(Oj)

+ h3‖eϕj/h∇wj‖
2
L2(Oj)

)

+

2∑

j=1

(h‖eϕj/hwj‖
2
L2(γ) + h3‖eϕj/h∇wj‖

2
L2(γ) + h3‖eϕj/h∂νwj‖

2
L2(γ))

6 C

( 2∑

j=1

h4‖eϕj/hfj‖
2
L2(Oj)

+ h‖eϕ1/hw1‖
2
L2(γ1)

+ h3‖eϕ1/h∂νw1‖
2
L2(γ1)

)

for all wj ∈ C∞(Oj) satisfying the system (3.2) and h ∈ (0, h0] (j = 1, 2).

P r o o f. Setting

vi(x0, x) = eαix0/hwi(x), i = 1, 2,

where x0 ∈ (0, 1) is an additional variable, the system (3.2) is changed into the

system

(3.4)





−∆v1 − ∂x0
v1 = fx0

1 in Ox0

1 = O1 × (0, 1),

−∆v2 − ∂x0
v2 = fx0

2 in Ox0

2 = O2 × (0, 1),

v1 = v2 on γx0 = γ × (0, 1),

∂νv1 = ∂νv2 on γx0 = γ × (0, 1),

v2 = 0 on γx0

2 = γ2 × (0, 1),

where fx0

i = eαix0/hfi (i = 1, 2).

We apply Proposition 3.1 to the system (3.4) by taking into account [27], Propo-

sition 1 and [26], Proposition 2. Then we get

(3.5)

2∑

j=1

(h‖eϕ
x0
j
/hvj‖

2
L2(O

x0
j

)
+ h3‖eϕ

x0
j
/h∇(x,x0)vj‖

2
L2(O

x0
j

)
)

+

2∑

j=1

(h‖eϕ
x0
j
/hvj‖

2
L2(γx0) + h3‖eϕ

x0
j
/h∇(x′,x0)vj‖

2
L2(γx0)

+ h3‖eϕ
x0
j
/h∂νvj‖

2
L2(γx0))

6 C

( 2∑

j=1

h4‖eϕ
x0
j
/hfx0

j ‖2
L2(O

x0
j

)
+ h‖eϕ

x0
1
/hv1‖

2
L2(γ

x0
1

)

+ h3‖eϕ
x0
1
/h∂νv1‖

2
L2(γ

x0
1

)

)
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with the weight functions ϕx0

j = ϕj−αjx0, where γ
x0

1 = γ1× (0, 1), from which (3.3)

follows immediately. Indeed, one first chooses the partition of unity (ζi) on some

neighborhood of ∂Ox0

1 and ∂O
x0

2 such that any element of this partition ζ belongs

to one of the following cases:

(i) supp(ζ) ∩ γx0

1 6= ∅, supp(ζ) ∩ γx0

2 = ∅ and supp(ζ) ∩ γx0 = ∅.

(ii) supp(ζ) ∩ γx0

2 6= ∅, supp(ζ) ∩ γx0

1 = ∅ and supp(ζ) ∩ γx0 = ∅.

(iii) supp(ζ) ∩ γx0 6= ∅, supp(ζ) ∩ γx0

1 = ∅ and supp(ζ) ∩ γx0

2 = ∅.

Next, if supp(ζ) is chosen sufficiently small, one defines ζ · v. Working in local

coordinates, we may apply to function ζ · v

⊲ in case (i) [27], Proposition 1 where especially we need the assumption ∂νϕ1|γ1 6= 0,

⊲ in case (ii) [26], Proposition 2 since ∂νϕ2|γ2 < 0,

⊲ in case (iii), Proposition 3.1 where assumptions (3) and (4) are needed here, and,

summing up these inequalities, we directly get the estimate (3.5).

The proof of the proposition is completed. �

Last, we recall a way to find two phases that satisfy Hörmander’s condition except

for a finite number of balls where one of them does not satisfy this condition while

the other does and is strictly greater.

Proposition 3.3 ([23], Proposition 4.1). Let O be a bounded open subset with

the boundary γ1 ∪ γ2, where γ1 ∩ γ2 = ∅. Then there exist two real functions

ψ1, ψ2 ∈ C∞(O) continuous on O satisfying for k = 1, 2 that ∂νψ1|γ < 0 and

∂νψ2|γ < 0, and having only a finite number degenerate critical points such that

when ∇ψk = 0 then ∇ψk+1 6= 0 and ψk+1 > ψk where we assume that k + 1 = 2 if

k = 1 and k + 1 = 1 if k = 2.

R em a r k 3.1 ([23], Remark 4.2). (1) A consequence of Proposition 3.3 is that

for k = 1, 2 we can find a finite number of points xkj where j = 1, . . . , Nk and ε > 0

such that B(xkj , 2ε) ⊂ O and B(x1j1 , 2ε) ∩ B(x2j2 , 2ε) = ∅, for all k = 1, 2 and

jk = 1, . . . , Nk, and in B(xkj , 2ε) we have ψk+1 > ψk for all j = 1, . . . , Nk.

(2) For all λ > 0 large enough the weight functions ϕk = eλψk satisfy Hörmander’s

condition in Uk = O ∩
(Nk⋃
j=1

B(xkj , ε)
)c
.

Now we construct the weight functions needed in the proof of our lemma (see

Lemma 3.1). Setting Ω̃1 = Ω1 \Br, where Br is an open ball in Ω1 with radius r > 0

such that Br ⊂ Ω1, and applying Proposition 3.2 and Remark 3.1, by the same argu-

ments as in [23], we can find four weight functions ϕ1,1, ϕ1,2, ϕ2,1, and ϕ2,2 satisfying

Hörmander’s condition in U1,1 = Ω̃1∩
(N11⋃
j=1

B(xj11, ε)
)c
, U1,2 = Ω̃1∩

(N12⋃
j=1

Bj(x12, ε)
)c
,

34



U2,1 = Ω2 ∩
(N21⋃
j=1

B(xj21, ε)
)c
and U2,2 = Ω2 ∩

(N22⋃
j=1

B(xj22, ε)
)c
, respectively, moreover

ϕ1,k < ϕ1,k+1 in B(xj1k, 2ε) for all j = 1, . . . , N1k and ϕ2,k < ϕ2,k+1 in B(xj2k, 2ε)

for all j = 1, . . . , N2k. Furthermore, for all k = 1, 2 we have

(∂νϕ1,k)|S < 0, (∂νϕ2,k)|S < 0, and (∂νϕ2,k)|Γ < 0.

Also, we can suppose that ϕ1,k|S = ϕ2,k|S and (∂νϕ1,k)
2|S − (∂νϕ2,k)

2|S > 0. For

more details of that construction of the weight functions we refer the reader to [12]

and [21].

3.2. Resolvent estimate. This subsection is devoted to the proof of the resolvent

estimate (1.10). We suppose that the resolvent estimate (1.10) is false. Then by the

continuity of the resolvent and the resonance theorem there exist Km > 0, µm ∈ R,

and two sequences (um, vm) ∈ D(A) and (fm, gm) ∈ H, m = 1, 2, . . . such that

(3.6) |µm| → ∞, Km → ∞, ‖(um, vm)‖H = 1

and

(3.7) eKm|µm|(A− iµmIH)

(
um

vm

)
=

(
fm

gm

)
→ 0 in H.

Using (1.8), H =W × V and C ∈ Isom(V, V ∗), we obtain from (3.7)

eKm|µm|(vm − iµmu
m) = fm → 0 in W,(3.8)

−eKm|µm|(Aum + Bvm + iµmCvm) = Gm → 0 in V ∗,

where Gm = Cgm ∈ V ∗.

Noticing that

〈
(A− iµmIH)

(
um

vm

)
,

(
um

vm

)〉

H

= −

∫

Ω1

a|∆vm1 |2 dx− iµm(‖um‖2W + ‖vm‖2V ),

and by (3.6) and (3.7), we have

(3.9)

Re

〈
eKm|µm|(A− iµmIH)

(
um

vm

)
,

(
um

vm

)〉

H

= −eKm|µm|

∫

Ω1

a|∆vm1 |2 dx→ 0.

Using (3.8)1, we obtain from (3.9)

(3.10) |µm|2eKm|µm|/2

∫

Ω1

a|∆um1 |2 dx→ 0.
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By (3.9), (3.10) and supp(a) = ω, we find that

(3.11) eKm|µm|/2

(∫

ω

|∆um1 |2 dx+

∫

ω

|∆vm1 |2 dx

)
→ 0.

Noticing that if we set

u(x) =

{
u1(x), x ∈ Ω1,

u2(x), x ∈ Ω2,

then ‖(u1, u2)‖W is equivalent to ‖u‖H2(Ω), we get from (3.8)1

(3.12) eKm|µm|(vm1 − iµmu
m
1 ) = fm1 → 0 in H2(Ω1),

eKm|µm|(vm2 − iµmu
m
2 ) = fm2 → 0 in H2(Ω2).

Also, by using (1.6) and (1.7), we obtain from (3.8)2

(3.13) eKm|µm|

( 2∑

j=1

∫

Ωj

c2j∆u
m
j ∆φj dx+

∫

Ω1

a∆vm1 ∆φ1 dx

)

+ iµmeKm|µm|
2∑

j=1

∫

Ωj

(vmj φj + β∇vmj · ∇φj) dx

= − 〈Gm, φ〉V ∗,V → 0 for any φ ∈W.

By (3.12)1 and (3.6), we have

(3.14)
1

|µm|2
‖(ψvm1 )‖2H2(Ω1)

= O(1) for any real function ψ ∈ C∞(Ω1).

Taking φ = µ−1
m ψvm in (3.13) yields

(3.15)
eKm|µm|

µm

(∫

ω

c21∆u
m
1 ∆(ψvm1 ) dx+

∫

ω

a∆vm1 ∆(ψvm1 ) dx

)

+ ieKm|µm|

∫

ω

(|vm1 |2ψ + β∇vm1 · ∇(ψvm1 )) dx→ 0,

where ψ ∈ C∞(Ω) is any real function satisfying supp(ψ) ⊂ ω. By (3.11), (3.14),

and (3.15), we have

(3.16) eKm|µm|/4

∫

ω

|vm1 |2ψ dx→ 0.

If we set B4r to be a ball with radius r > 0 such that B4r ⊂ ω, then it follows that

eKm|µm|/4

∫

B4r

|vm1 |2 dx→ 0,
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which implies together with (3.12)1

(3.17) eKm|µm|/4

∫

B4r

|um1 |2 dx→ 0.

Let us consider now the transmission problem

(3.18)






v1 − iµu1 = f1, x ∈ Ω1,

v2 − iµu2 = f2, x ∈ Ω2,

−∆(c21∆u1 + a∆v1)− iµ(v1 − β∆v1) = g1 − β∆g1, x ∈ Ω1,

−∆(c22∆u2)− iµ(v2 − β∆v2) = g2 − β∆g2, x ∈ Ω2,

u1 = u2, ∂νu1 = ∂νu2, x ∈ S,

c21∆u1 = c22∆u2, ∂ν(c
2
1∆u1) = ∂ν(c

2
2∆u2), x ∈ S,

u2 = 0, ∆u2 = 0, x ∈ Γ,

where (f1, f2) ∈ W and (g1, g2) ∈ W . Then the solution (u1, u2, v1, v2) of (3.18)

satisfies

(3.19)





v1 = iµu1 + f1, x ∈ Ω1,

v2 = iµu2 + f2, x ∈ Ω2,

(µ2 − µ2β∆− c21∆
2)u1 −∆(a∆v1 − βg1) = g1 + iµf c1 , x ∈ Ω1,

(µ2 − µ2β∆− c22∆
2)u2 + β∆g2 = g2 + iµf c2 , x ∈ Ω2,

u1 = u2, ∂νu1 = ∂νu2, x ∈ S,

c21∆u1 = c22∆u2, ∂ν(c
2
1∆u1) = ∂ν(c

2
2∆u2), x ∈ S,

u2 = 0, ∆u2 = 0, x ∈ Γ,

where f ck = fk − β∆fk, k = 1, 2.

Noticing that

µ2 − µ2β∆− c2k∆
2 =

(
−∆−

b+k (µ)

2c2k

)(
c2k∆−

b−k (µ)

2

)

for k = 1, 2, where

b+k (µ) = |µ|
(√

|µ|2β2 + 4c4k + |µ|β
)
,

b−k (µ) = |µ|
(√

|µ|2β2 + 4c4k − |µ|β
)
,
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we can rewrite (3.19) as

(3.20)





v1 = iµu1 + f1, x ∈ Ω1,

v2 = iµu2 + f2, x ∈ Ω2,
(
−∆−

b+1 (µ)

2c21

)(
c21∆u1 −

b−1 (µ)

2
u1 + a(x)∆v1 − βg1

)

= Φ1 := g1 + iµf c1 −
b+1 (µ)

2c21
(a(x)∆v1 − βg1), x ∈ Ω1,

(
−∆−

b+2 (µ)

2c22

)(
c22∆u2 −

b−2 (µ)

2
u2 − βg2

)

= Φ2 := g2 + iµf c2 +
b+2 (µ)β

2c22
g2, x ∈ Ω2,

u1 = u2, ∂νu1 = ∂νu2, x ∈ S,

c21∆u1 = c22∆u2, ∂ν(c
2
1∆u1) = ∂ν(c

2
2∆u2), x ∈ S,

u2 = 0, ∆u2 = 0, x ∈ Γ.

Setting

(3.21) w1 = c21∆u1 −
b−1 (µ)

2
u1 + a(x)∆v1 − βg1,

w2 = c22∆u2 −
b−2 (µ)

2
u2 − βg2,

and using (3.20), g1|S = g2|S and (∂νg1)|S = (∂νg2)|S , it is easy to show that w1

and w2 satisfy the simple transmission problem

(3.22)






−∆w1 −
b+1 (µ)

2c21
w1 = Φ1, x ∈ Ω1,

−∆w2 −
b+1 (µ)

2c22
w2 = Φ̃2, x ∈ Ω2,

w1 = w2, ∂νw1 = ∂νw2, x ∈ S,

w2 = 0, x ∈ Γ,

where

(3.23) Φ̃2 = Φ2 + (b+2 (µ)− b+1 (µ))
w2

2c22
.

The main ingredient of the resolvent estimate is the following lemma which is

essentially a consequence of the Carleman estimate.
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Lemma 3.1. There exist constants C > 0 and r0 > 0 such that for any solution

(u, v) ∈ D(A) of the system (3.18) the estimate

(3.24) ‖∆u1‖
2
L2(Ω1)

+ ‖∆u2‖
2
L2(Ω2)

+ ‖v1‖
2
L2(Ω1)

+ ‖v2‖
2
L2(Ω2)

6 CeC|µ|‖∆f1‖
2
L2(Ω1)

+ CeC|µ|

(
‖∆f2‖

2
L2(Ω2)

+ ‖g1‖
2
L2(Ω1)

+ ‖g2‖
2
L2(Ω2)

+

∫

Ω1

a|∆v1|
2 dx+

∫

B4r

|u1|
2 dx

)

holds for all 0 < r < r0 and µ ∈ R large enough, where Br is an open ball with

radius r > 0 such that B4r ⊂ ω.

P r o o f. We introduce the cut-off function χ ∈ C∞(Ω1) by setting

χ(x) =

{
1 in Bc3r,

0 in B2r.

Next, put w̃1 = χw1. Then by (3.22)1, one sees that

(3.25) −∆w̃1 −
b+1 (µ)

2c21
w̃1 = Φ̃1 ≡ χΦ1 − [∆, χ]w1,

where [∆, χ]f = ∆(χf)− χ∆f.

Now keeping the same notations as in the previous subsection, let ϕ1,1, ϕ1,2, ϕ2,1,

and ϕ2,2 be four weight functions that satisfy the conclusion of Subsection 3.1.

Let χ1,1, χ1,2, χ2,1 and χ2,2 be four cut-off functions equal to 1 in
(N11⋃
j=1

B(xj11, 2ε)
)c
,

(N12⋃
j=1

Bj(x12, 2ε)
)c
,
(N21⋃
j=1

B(xj21, 2ε)
)c
and

(N22⋃
j=1

B(xj22, 2ε)
)c
, respectively, and sup-

ported in
(N11⋃
j=1

B(xj11, ε)
)c
,
(N12⋃
j=1

Bj(x12, ε)
)c
,
(N21⋃
j=1

B(xj21, ε)
)c
and

(N22⋃
j=1

B(xj22, ε)
)c
,

respectively (in order to eliminate the critical point of the weight functions ϕ1,1,

ϕ1,2, ϕ2,1, and ϕ2,2).

Setting

w1,1 = χ1,1w̃1, w1,2 = χ1,2w̃1, w2,1 = χ2,1w2, and w2,2 = χ2,2w2,

and using (3.25), we obtain from (3.22)

(3.26)






−∆w1,k −
b+1 (µ)

2c21
w1,k = Ψ1,k, x ∈ Ω1,

−∆w2,k −
b+1 (µ)

2c22
w2,k = Ψ2,k, x ∈ Ω2,

w1,k = w2,k, ∂νw1,k = ∂νw2,k, x ∈ S,

w2,k = 0, x ∈ Γ
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for k = 1, 2, where

(3.27)

{
Ψ1,k = χ1,kΦ̃1 − [∆, χ1,k]w̃1,

Ψ2,k = χ2,kΦ̃2 − [∆, χ2,k]w2.

Taking

h =
1√
b+1 (µ)

, Oj = Uj,k (j = 1, 2), γ = S,

γ2 = Γ and γ1 = (∂U1,k \ S) ∩ (∂U2,k \ (S ∪ Γ)),

and applying Proposition 3.2 to the system (3.26), we have

(3.28) h‖eϕ1,k/hw1,k‖
2
L2(U1,k)

+ h3‖eϕ1,k/h∇w1,k‖
2
L2(U1,k)

+ h‖eϕ2,k/hw2,k‖
2
L2(U2,k)

+ h3‖eϕ2,k/h∇w2,k‖
2
L2(U2,k)

6 Ch4(‖eϕ1,k/hΨ1,k‖
2
L2(U1,k)

+ ‖eϕ2,k/hΨ2,k‖
2
L2(U2,k)

)

for k = 1, 2, where we used that

w1,k|γ1 = w2,k|γ1 = ∂νw1,k|γ1 = ∂νw2,k|γ1 = 0.

We estimate the right-hand side in (3.28) by using (3.27), (3.23), and (3.25). Then

we get

(3.29) h‖eϕ1,k/hw1,k‖
2
L2(U1,k)

+ h3‖eϕ1,k/h∇w1,k‖
2
L2(U1,k)

+ h‖eϕ2,k/hw2,k‖
2
L2(U2,k)

+ h3‖eϕ2,k/h∇w2,k‖
2
L2(U2,k)

6 Ch4(‖eϕ1,k/hΦ1‖
2
L2(U1,k)

+ ‖eϕ2,k/hΦ2‖
2
L2(U2,k)

)

+ Ch4(‖eϕ1,k/h[∆, χ1,k]w̃1‖
2
L2(U1,k)

+ ‖eϕ2,k/h[∆, χ2,k]w2‖
2
L2(U2,k)

)

+ Ch4‖eϕ1,k/h[∆, χ]w1‖
2
L2(U1,k)

+ Ch4(b+2 (µ)

− b+1 (µ))
2‖eϕ2,k/hw2,k‖

2
L2(U2,k)

.

By the definition b+j (µ) (j = 1, 2), we find that

(3.30) b+2 (µ)− b+1 (µ) =
4|µ|(c42 − c41)√

|µ|2β2 + 4c42 +
√
|µ|2β2 + 4c42

6 C

for any µ ∈ R large enough. Also, in the same lines as in [23], we obtain the following

fact: using the properties ϕ1,k < ϕ1,σ(k) in
(N1k⋃
j=1

B(xj1k, 2ε)
)
and ϕ2,k < ϕ2,σ(k) in

40



(N2k⋃
j=1

B(xj2k, 2ε)
)
, where σ(k) = 2 if k = 1 and σ(k) = 1 if k = 2, we can absorb the

terms [∆, χ1,k]w̃1 and [∆, χ2,k]w2 at the right-hand side in (3.29) into the left-hand

side for small h > 0. By using the above fact and (3.30), we obtain from (3.29) that

(3.31)

∫

Ω̃1

h
(
e2ϕ1,1/h + e2ϕ1,2/h

)
|w̃1|

2 dx+

∫

Ω2

h(e2ϕ2,1/h + e2ϕ2,2/h)|w2|
2 dx

6 Ch4
(∫

Ω1

(e2ϕ1,1/h + e2ϕ1,2/h)|Φ1|
2 dx+

∫

Ω2

(e2ϕ2,1/h + e2ϕ2,2/h)|Φ2|
2 dx

)

+ Ch4
∫

Ω̃1

(e2ϕ1,1/h + e2ϕ1,2/h)|[∆, χ]w1|
2 dx.

Noticing that

|Φ1| 6 |g1|+ |µ|(|f1|+ β|∆f1|) +
b+1 (µ)

2c21
(|a∆v1|+ β|g1|),

|Φ2| 6 |g2|+ |µ|(|f2|+ β|∆f2|) +
b+2 (µ)β

2c22
|g2|,

|µ|

b+1 (µ)
→ 0 and

b+2 (µ)

b+1 (µ)
→ 1 as |µ| → ∞,

and using

h =
1√
b+1 (µ)

, Ω1 = Ω̃1 ∪B2r, w̃i = χwi (i = 1, 2)

and

χ(x) =

{
1 in Bc3r,

0 in B2r,

we obtain from (3.31)

(3.32)

∫

Ω1

h(e2ϕ1,1/h + e2ϕ1,2/h)|w1|
2 dx+

∫

Ω2

h(e2ϕ1,1/h + e2ϕ1,2/h)|w2|
2 dx

6 C

2∑

j=1

∫

Ωj

(e2ϕ1,1/h + e2ϕ1,2/h)(|gj |
2 + |fj|

2 + |∆fj |
2) dx

+ Ch

∫

B2r

(e2ϕ1,1/h + e2ϕ1,2/h)|w1|
2

+ C

∫

Ω1

(e2ϕ2,1/h + e2ϕ2,2/h)|a∆v1|
2 dx

+ Ch4
∫

Ω̃1

(e2ϕ1,1/h + e2ϕ1,2/h)|[∆, χ]w1|
2 dx.
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Inserting the maximum of ϕ1,1, ϕ2,1, ϕ1,2, and ϕ2,2 at the right-hand side of (3.32)

and their minimum at the left-hand side, we obtain

(3.33)

∫

Ω1

|w1|
2 dx+

∫

Ω2

|w2|
2 dx

6 CeC/h
2∑

j=1

∫

Ωj

(|gj |
2 + |fj |

2 + |∆fj |
2) dx

+ CeC/h
(∫

Ω1

|a∆v1|
2 dx+

∫

B2r

|w1|
2 dx+

∫

Ω̃1

|[∆, χ]w1|
2 dx

)
.

We estimate now the two last terms on the right-hand side of (3.33). Let χ

be a cut-off function equal to 1 in a neighborhood of B3r and supported in B4r.

Using (3.22)1, we have

(−1 + ∆)(χw1) = [∆, χ]w1 − χw1 −
b+1 (µ)

2c21
χw1 − χΦ1

and due to elliptic estimates (see [36]), we get

(3.34) ‖w1‖
2
H1(B3r)

6 C(‖(−1 + ∆)(χw1)‖
2
H−1(B4r)

+ ‖w1‖
2
L2(B4r)

)

6 C(‖Φ1‖
2
L2(Ω1)

+ (1 + |b+1 (µ)|
2)‖w1‖

2
L2(B4r)

)

6 C[(1 + |b+1 (µ)|
2)‖g1‖

2
Ω1

+ |µ|2(‖f1‖
2
Ω1

+ ‖∆f1‖
2
Ω1
)]

+ C

(
(1 + |b+1 (µ)|

2)‖w1‖
2
L2(B4r)

+ |b+1 (µ)|
2

∫

Ω1

a|∆v1|
2 dx

)
.

Using that supp([∆, χ]) ⊂ B3r, we deduce

(3.35)

∫

B2r

|w1|
2 dx+

∫

Ω̃1

|[∆, χ]w1|
2 dx 6 C‖w1‖

2
H1(B3r)

.

Also, using (3.21), (3.19)1, |b
−
1 (µ)| 6 C and a > 0 in B4r, we have

(3.36)

‖w1‖
2
L2(B4r)

6 C

(
‖∆u1‖

2
L2(B4r)

+

∫

Ω1

|a∆v1|
2 dx+ ‖g1‖

2
L2(B4r)

+ ‖u1‖
2
L2(B4r)

)

6 C

(
|µ|−1‖∆f1‖

2
L2(B4r)

+ (|µ|−1 + 1)

∫

Ω1

|a∆v1|
2 dx

+ ‖g1‖
2
L2(B4r)

+ ‖u1‖
2
L2(B4r)

)
.
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By using (3.33)–(3.36) and |b+1 (µ)| 6 C|µ|2, we obtain

(3.37) ‖w1‖
2
L2(Ω1)

+ ‖w2‖
2
L2(Ω2)

6 CeC|µ|(‖∆f1‖
2
L2(Ω1)

+ ‖∆f2‖
2
L2(Ω2)

)

+ CeC|µ|

(
‖g1‖

2
L2(Ω1)

+ ‖g2‖
2
L2(Ω2)

+

∫

Ω1

a|∆v1|
2 dx+

∫

B4r

|u1|
2 dx

)
.

On the other hand, we get by (3.21)

(3.38)
∥∥∥c21∆u1 −

b−1 (µ)

2
u1

∥∥∥
2

L2(Ω1)
+
∥∥∥c22∆u2 −

b−2 (µ)

2
u2

∥∥∥
2

L2(Ω2)

6 C

(
‖w1‖

2
L2(Ω1)

+ ‖w2‖
2
L2(Ω2)

+ ‖g1‖
2
L2(Ω1)

+ ‖g2‖
2
L2(Ω2)

+

∫

Ω1

a|∆v1|
2 dx

)
.

Noticing that due to the transmission conditions (3.20)5,7,

∫

S

∂νu1u1 dS = −

∫

S

∂νu2u2 dS,

∫

Ωj

∆ujuj dx = −

∫

Ωj

|∇uj |
2 dx+

∫

S

∂νujuj dS, j = 1, 2,

we have

−c21b
−
1 (µ)

∫

Ω1

∆u1u1 dx− c22b
−
2 (µ)

∫

Ω2

∆u2u2 dx

=

2∑

j=1

c2jb
−
j (µ)

∫

Ωj

|∇uj |
2 dx+ (c21b

−
1 (µ)− c22b

−
2 (µ))

∫

S

∂νu1u1 dS

>
c21b

−
1 (µ)− c22b

−
2 (µ)

2

(∫

Ω1

∆u1u1 dx−

∫

Ω2

∆u2u2 dx

)
,

which implies

(3.39)
∥∥∥c21∆u1 −

b−1 (µ)

2
u1

∥∥∥
2

L2(Ω1)
+
∥∥∥c22∆u2 −

b−2 (µ)

2
u2

∥∥∥
2

L2(Ω2)

> c41‖∆u1‖
2
L2(Ω1)

+ c42‖∆u2‖
2
L2(Ω2)

+
|b−1 (µ)|

2

4
‖u1‖

2
L2(Ω1)

+
|b−2 (µ)|

2

4
‖u2‖

2
L2(Ω2)

+
c21b

−
1 (µ)− c22b

−
2 (µ)

2

(∫

Ω1

∆u1u1 dx−

∫

Ω2

∆u2u2 dx

)

>
c41
2
‖∆u1‖

2
L2(Ω1)

+
c42
2
‖∆u2‖

2
L2(Ω2)

.
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Also, using (3.20)1 and (3.20)2, we get

(3.40) ‖v1‖
2
L2(Ω1)

6 ‖f1‖
2
L2(Ω1)

+ |µ|2‖u1‖
2
L2(Ω1)

,

‖v2‖
2
L2(Ω2)

6 ‖f2‖
2
L2(Ω2)

+ |µ|2‖u2‖
2
L2(Ω2)

.

By (3.37)–(3.40), we obtain (3.24). The proof of Lemma 3.1 is completed. �

We continue the proof of the resolvent estimate (1.10). Applying the inequal-

ity (3.24) to the system (3.12)–(3.13), we arrive at

(3.41) ‖∆um1 ‖2L2(Ω1)
+ ‖∆um2 ‖2L2(Ω2)

+ ‖vm1 ‖2L2(Ω1)
+ ‖vm2 ‖2L2(Ω2)

6 CeC|µm|e−2Km|µm|(‖fm‖2W + ‖gm‖2H)

+ CeC|µm|e−Km|µm|/4

(∫

Ω1

a|∆v1|
2 dx+

∫

B4r

|u1|
2 dx

)
eKm|µm|/4,

where fm = (fm1 , f
m
2 ) ∈ W and gm = (gm1 , g

m
2 ) ∈ V .

By (3.8), (3.10), and (3.17), the right-hand side of (3.41) tends to zero as m→ ∞

which contradicts (3.6). The proof of the resolvent estimate (1.10) is completed.

P r o o f of Theorem 1.2. It just remains to show that A has no purely imaginary

eigenvalue. It is easy to check that 0 ∈ ̺(A), where ̺(A) stands for the resolvent set

of A.

Let µ 6= 0 be a real number and assume that for some (u, v) ∈ D(A),

(3.42) A

(
u

v

)
= iµ

(
u

v

)
.

Then we show that u = v = 0.

Noticing that

Re

〈
A

(
u

v

)
,

(
u

v

)〉

W×V

= −

∫

Ω1

a(x)|∆v1(x)|
2 dx

and using (3.42), we obtain
∫
Ω1
a(x)|∆v1(x)|2 dx = 0, which means that v1 = 0 on

supp(a) by the similar arguments as in (3.9)–(3.16).

Using the definition of the operator A, (3.42) can be recast as

(3.43)





v1 = iµu1, x ∈ Ω1,

v2 = iµu2, x ∈ Ω2,

−∆(c21∆u1 + a∆v1)− iµ(v1 − β∆v1) = 0, x ∈ Ω1,

−∆(c22∆u2)− iµ(v2 − β∆v2) = 0, x ∈ Ω2,

u1 = u2, ∂νu1 = ∂νu2, x ∈ S,

c21∆u1 = c22∆u2, ∂ν(c
2
1∆u1) = ∂ν(c

2
2∆u2), x ∈ S,

u2 = 0, ∆u2 = 0, x ∈ Γ.

44



Since v1 = 0 on supp(a), (3.43)1 yields u1 = 0 on supp(a).

In the same lines as in (3.20), we can rewrite (3.43)3 combined with (3.43)1 as

∆Z +
b+1 (µ)

2c21
Z = 0 in Ω1 and Z = 0 on supp(a),

where

Z = c21∆u1 −
b−1 (µ)

2
u1.

Then by Calderón’s theorem for elliptic operators (see [28], Theorem 4.2), we find

that Z = 0. This means that

c21∆u1 −
b−1 (µ)

2
u1 = 0,

which implies for the same argument as previously that u1 = 0 in Ω1.

Equations (3.43)2 and (3.43)4 lead to

(3.44) c22∆
2u2 − µ2(u2 − β∆u2) = 0, x ∈ Ω2,

where the transmission conditions lead to

{
u2 = ∂νu2 = ∆u2 = ∂ν(∆u1) = 0, x ∈ S,

u2 = 0, ∆u2 = 0, x ∈ ∂Ω2.

Following these boundary conditions, we can extend u2 by zero into the whole Ω

and (3.44) remains valid on all Ω. Then by using the same arguments as for u1
above one can also show that u2 = 0 in Ω2. Using (3.43)2, we get v2 = 0 in Ω2.

Therefore, A has no purely imaginary eigenvalue.
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