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Abstract. As observed by Yamazaki, the third component b3 of the magnetic field can
be estimated by the corresponding component ug of the velocity field in R 2<A2<06)
norm. This leads him to establish regularity criterion involving ws, j3 or usg,ws. Noticing
that A can be greater than 6 in this paper, we can improve previous results.
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1. INTRODUCTION

In this paper, we investigate the following three-dimensional (3D) magnetohydro-
dynamic (MHD) equations:

du+(u-Viu—(b-V)b—Au+VII =0,
Ob+ (u-V)b— (b-V)u— Ab=0,

(1) V-u=0,

V-b=0,

Uli—o = uo, bli—o = by,

where w = (u1,us2,us) is the fluid velocity field, b = (b1, b, bs) is the magnetic
field, IT is a scalar pressure, and wug,by are the prescribed initial data satisfying
V :-ug = V -bg = 0 in the distributional sense. From the physical point of view,
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(1) governs the dynamics of the velocity and magnetic fields in electrically conducting
fluids, such as plasmas, liquid metals, and salt water. Moreover, (1), reflects the
conservation of momentum, (1), is the induction equation, and (1), specifies the
conservation of mass.

Besides its physical applications, the MHD system (1) is also mathematically sig-
nificant. Duvaut-Lions [5] (see also Sermange-Temam [14]) showed that (1) possesses
at least one global weak solution for initial data with finite energy. However, the issue
of regularity and uniqueness of weak solutions remains a challenging open problem in
mathematical fluid dynamics. Many interesting and important sufficient conditions
(see e.g., [1], [3], [4], [6], [7], [8], [9], [10], [11], [12], [15], [18], [20], [21], [24], [25] and
the references therein) were derived to guarantee the regularity of the weak solution.
In this paper, we are interested in regularity criteria involving only two components
of the solution, in view of the fact that there exists no such result via one component.
In 2010, Ji-Lee [7] showed that if

(2) uy,ug € LP(0,T; LY(R%)), =+

Q| w

1
:§a 6<q<00,

[N

then the solution is smooth on (0,7"). The method is to establish first a regularity
criterion involving w1, us, b1, ba, and then to control by, by in terms of w1, us. For
later developments, let us denote by

qu:w:(wl,wg,wg), VXb:j:(jl,jQ,jg)

the vorticity and the current density respectively. In 2014, Yamazaki [15] found a fine
structure of the horizontal convective terms

(3) /[(u V)u] - Apudz — /[(b V)b - Apudx
+ [ttw- - dbde [16- 9yl 2rbaa

C/ fag) + [Ba]) - |V (. B)] - |vvh<u,b>|dx+C/|vh<u,b)|2 \jal da,

where Ay = 0101 + 0207 is the horizontal Laplacian. With (3) and the following
bound of b3 in terms of ug,

(4) sup [|b3(4)[|7»
t1<t<te

to
< [lba(t1)|72 + C/ IVB(6) 172z ()| or/e-x At (2 < A < 6),
t1
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he was able to prove the following regularity condition

ug € LP(0,T; LY(R%)), js € L"(0,T; L*(R?)),

5 2 1 1 1 2

() _+§:_+_’ —5<q<oo; —+§:2, §<S<OO
P q 3 2q 2 r S 2

By treating (4) via the multiplicative Sobolev inequality

(6) 1£llzs < Clonf a2 N0 115 105 £115

and estimating the nonlinear terms in a flexible way, Zhang [21], [22] refined (5) to
be

=l

uz € LP(0, T; LY(R%)), js € L7(0,T; L*(R%)),

(7) 2 3 4 27 2 3 3
g<Loo; —+-—-=2, §<s<oo.
r s

p q¢ 9 4

N

In 2016, Yamazaki [18] observed one another new nice structure

(8) / (- V)u] - Apude — / (b V)] - Apude
/[(u V)b - Ahbdx—/[(b-v)u]-Ahbdx
<C [(ual + ba)) - 19(@,b) [V (. b) o
+c/|(—Ah)*1vhw3| Vabf da
+ C/ [(=AR) " Vius| - [Vib| - |VV3b| da,

whose proof relies on the fact that uy,us (resp. b1, b2) can be expressed explicitly in
terms of wg and dzus (resp. js and 93b3), see also [13], [23] (and [2], [19], [17] for its
ultility in the well-posedness theory). This structure (8) enabled Yamazaki to show
the following regularity criterion:

uz € LP(0,T; LY(R®)), w3 € L"(0,T; L*(R?)),
® 2.3 4 1 B_ _ 2.3 3 _
p+q_9 3’ 2\q\oo, r+ =2, 2<s\oo.
The scahng s — gq ~1 has been improved to be 4 5 in [22].
The purpose of the present paper is to improve the scaling % in (7) a bit further.
The key is that we can dominate the L* (A > 6) norm of b3 via u3. Precisely, we
have
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Theorem 1. Let (ug,by) € H*(R3) with V-ug =V by =0, and T > 0. Assume
that (u,b) is the unique strong solution of the MHD system (1) with initial data
(ug, bg) on [0, I'*), where I'* is the maximal existence time. If for some T > I'* one
of the following conditions holds for the weak solution (u, b),

ug € LP(0,T; LY(R?)), js € L"(0,T; L*(R?)

)

10 2 4 2

(10) S —5<q<00; —+§:2, g<s<0<>;
T S

p g 15 7

uz € LP(0,T; LY(R%)), w3 € L"(0,T; L*(R%)),

(11) 2 3 7 45 2 3
S+i=—, S <g<o0 Z4°=
T S

3
9 :2; =< < )
p g 15 7 g SIS

then the strong solution can be smoothly extended beyond time I'*.

2. PROOF OF THEOREM 1

In this section, we provide the proof of Theorem 1 under condition (10). The proof
of Theorem 1 under condition (11) can be similarly treated via the structure (8), once
the following consequence of the boundedness of two-dimensional Riesz transforma-
tion in L (1 < o < 00) is noticed:

(12) =V = [ 00TV e

=/[/ |(—Ah)_1V%f|adx1dm2} das
R R2
< C/[R[/W |f|ad$1d$2} dzs :C/u;es |f|* da.

As is well-known, it suffices to show that ||V (u,b)(t)||z2 remains bounded as
t ~ I'*. To this end, for 0 < ¢, § < 1 to be determined later on, we may find
a I' € [0,1"*) such that

(13) V(u,b)(I') € L*(R%), b(I') € L'(R?), /FF* IV (w, b)(1)[[7: dT <,

.
/ 17307
I

25/ 47 5,
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Taking the inner product of (1), with —Apu, (1), with —Axb in L?(R3), respec-
tively, we deduce from (3) that

1d
(14) 2SI b) 3 + VYA, b)]2
< C/ s - |V (24, )| - |V V (a0, b)]
+C/|b3| IV (,b)] - [V (u, b)|dx+0/|vh (. B)? - |js de
=K, + Ky + Ks.
For K1,

(15) K1 < Cllus)po]|[V (2, B)|| p20r- |V Vi (2, b) | 2
(by the Holder inequality)
< Cllusl| o]V (w, B[ S5V (u, B) |2V 1 (0, )| 2
(by the interpolation inequality)
< Cllus|| 2]V (e, B) % A (u, B) |12V V1 (0, b) || 572
(by (6) and classical elliptic estimates)
2 2 3 2 2 2
cnu 134/ (aa, )25 42 A (s, )| 7297

ARSI
Similarly, K5, K3 can be bounded as

(16) Kz < Cl|bsllLro[[V(w, b)[[Ls/2 [V Vi (u, b)|| L2

<

< Cbsl| 1o - |V (B[ 7519 (w, )[4 - [V V4 (, B) | 2

< Cllbs]| 110 ||V (aa, B[ 75" 1V V5 (0, B) 1121 V2 (2, B) 116 - IV V5 (2, B) | 2

Cllbsl[552 11 (u, B) || 75| A (a, )|\2é4+—|\vvh<u,b>|uz.

(17) K3 < C||Vi(u,b)|?
< C||Vi(u,b)|| %™ ‘”/Snvvh(u b)|5% -

377/ h(u, b) |32 + gnvvhm,b)niz.

N

Gathering (15), (16), and (17) into (14), and denoting by

t
K20 = s Vil b))+ [ IV b))] dn

(18) )
M?(t) = sup |\V(u,b)(7)||%2+/F|\A(u,b)(7)|\i2d7,

r<r<t
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we obtain

(19) K2(t) < [ Va(u,b)(D)]7-
+C / s (7) 122/ 42| (a, b) ()29 @D A, b) (1) 2442 dr
0 [ I B A D) dr

t
* C/p G313/ )|V (u, b) (7) |22 dr
<C+ ICl(t) + ICg(t) + ICg(t).

We bound the terms one by one as

Ki(t) < C sup |[V(u,b)(r)| {50/
r<r<t

/ leas () 19 (s B) (27 A, B) ()5 dr

(3¢—10)/(4q—8)
< OMBa=10)/(29— 4) </ llus(r ||8(1/(3<1 10) d’T)

X </Ft [V (u, b)(7)]|22 dT) . (/F 1A, B) (7). d7>1/(q2)

< OMBa=10)/2a=4) 3y

t 30/ (Tg—45 (3¢—10)/(4¢—8)
x{/r 1+ Jus(r) 0/ T4 dr} eVAMP @D ()

g 051/4/\43/2( )

7/8
Ka(t) < C sup |bs(r LlO : (/ IV (u, b)(7)| 172 dT)

r<r<t

([ 1a@ee dr)l/s

<C sup [|ba(7)]|3n - €/EMYA(),

<Kt

Ks(t) <C sup [[Va(u,b)(7)|% - /||j (@ 4

r<r<t

< COK2(t).

Collecting the above estimates into (19), and taking ¢ to be sufficiently small, we
deduce that

(20) K2(t) < C + CeY*M32(t) + C sup |\b3(7)||i/1% ST M.
r<r<t
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To proceed further, we dominate b3 in terms of ug via the following lemma, which
be can tracked back to [16].

Lemma 1. For ¢ > 5, we have

10q/(4g—15 20 12¢—45

1) sl < [I5s(D2“P + 0 / V() 220/ 12049
(49—15)/10q

X 9B g () 5
forall ' <t < I
Proof. Multiplying the equation of b3:
ath + (’u . V)b;g — (b . V)U3 — Abg =0
with 1053, integrating over R?, we deduce by suitable integration by parts that

d 18
22) S+ SIVORIE: =10 [1(b- Vi) - =1

The term L may be dominated as

(23) L = —10/ buz - V(b3) dz = —18/ bus(b3)/° -V (b3) da
R3 R3

4/5
160 2 1z | o 103150 ramron [V (B3)]] 2

<C

2/3 1/3 —5)/4 1 4

< CIVRBI VI - [fusllza - (63155274 w 05) (1S3 7 (83) | 12
20 12 45 10 12 45 10 4 15 6 5 4q—15

< C||V b|| q/(12q— )||Vb|| q/(12q— )” ” q/(4q— )||b§||L(2q )/ (4q )

+ 21V

Putting (23) into (22), we find that

||b3||L10 CthbHZOq/(qu 45)||Vb||10q/(12q 45)|| ||10q/(4q 15)||b ||30(q 5)/(4q— 15)
Dividing by ||b3||?£%q P/ (118) e get

4 15 20 12g—45 10 12q—45 10 4 15
||b ||L1<1/((I )<C||V b|| q/(12q— )||Vb|| q/(12q— )” ” q/(4q— )

Integrating in time, we obtain (21) as desired. O

457



Now, substituting (21) into (20), we obtain

t
K2(t) < C+ CeV*MP2(t) + C [C +C / IVb(r) 75 (12074
r

10q/(12q—45) 10¢/(4g—15) (4g-15)/4q
(| Vb(r)|| 128/ 128745 | )| 100/ dT]

. 87/8M1/4(t)

< OO MI )+ O+ sup (Vi O
r<r<t

t
x / Vb 2" 2 [ ()| 57 41 MU (D)
r
< C+ CeYAMP2(t) + CETBMYA(L) + CKP3(t)

< / | 100/ (12849) | 100/ (49-19) g

] (49—15)/4q

(49—15)/4q
) '67/8M1/4(t).

Here, we push all ||V,b(r )||20q/ 120745) out of the integral, rather than |Vrb(7)|72
for suitable smaller s as in [15], [18], [21], [22]. This ensures the optimality of the
present method. Estimation further by the Young inequality yields

’CQ(t) <C+ 051/4./\/13/2( )+ 057/8M1/4( ) + C’C5/3(1‘,)

(49-15)/4q
< ([ VB + a0 ar)

< C 4 CeYAMP2(t) + CETBMYVAL) + CKP3(t) - €78 M4 (1)
< O+ CeVAMP2(t) + CETBMYA(t) + %/CQ (t) + éc%21/4/\43/2(t).

. 67/8M1/4(ﬁ)

Consequently,
(24)  K*(t) SO+ CeIMP(t) + CeB MY (1) + %0%21/4/\43/2(1&).
Now, we can argue as in [21], Step 3, in particular, equation (22) to obtain
M2(t) < C + Cek3(t) - MY2(2).
Putting (24) into this above inequality, and choosing ¢ sufficiently small, we see M (%)

is uniformly bounded for ¢ € [I', I'*), as desired.
The proof of Theorem 1 under condition (10) is completed. g
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