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SOLVING SECOND-ORDER SINGULARLY PERTURBED ODE
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Abstract. For a second-order singularly perturbed ordinary differential equation (ODE)
under the Robin type boundary conditions, we develop an energetic Robin boundary func-
tions method (ERBFM) to find the solution, which automatically satisfies the Robin bound-
ary conditions. For the non-singular ODE the Robin boundary functions consist of polyno-
mials, while the normalized exponential trial functions are used for the singularly perturbed
ODE. The ERBFM is also designed to preserve the energy, which can quickly find accurate
numerical solutions for the highly singularly perturbed problems by a simple collocation
technique.
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MSC 2010: 34B60

1. INTRODUCTION

A lot of engineering problems can be described by ordinary differential equations
(ODEs), which are subjected to certain boundary conditions, and resulted to the
boundary value problems (BVPs). It is better that the solution of BVP can satisfy
the boundary conditions exactly, but in the case of Robin type boundary conditions
and singularity appeared in the solution, it might be a difficult task. There are many
computational methods that have been developed for solving the BVPs [4], [5], [6],
[10], [1].

In the paper we propose an energetic Robin boundary functions method for solving
the singularly perturbed ODE under the Robin boundary conditions. The highest
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order derivative term in the ODE is multiplied by a small parameter. When the
boundary conditions are imposed, the resulting BVP is a singularly perturbed BVP
(SPBVP). It is always so that the SPBVP exhibits a boundary layer, which is a nar-
row region, where the solution varies rapidly.

For the SPBVP it is difficult to exactly satisfy the Robin boundary conditions,
unless one designs the algorithm to satisfy the Robin boundary conditions. Inspired
by the works in [17], we solve the second-order ODE with strong singularity by
designing an algorithm to automatically satisfy the Robin boundary conditions and
also preserving the energy via a new concept of energetic Robin boundary functions.
The readers may refer to [14], [2], [19], [22], [12], [16], [11], [7] for the numerical
methods to solve the SPBVPs.

The paper is arranged as follows. In Section 2, we derive the homogenization
function for the Robin boundary conditions and introduce a new variable, for which
the Robin boundary conditions become homogeneous. The idea of polynomial Robin
boundary functions which automatically satisfy the homogeneous Robin boundary
conditions, is introduced, and then the energetic Robin boundary functions are con-
structed in Section 3. In Section 4, we derive a linear system to determine the
expansion coefficients by a simple collocation technique, where the energetic Robin
boundary functions act as the bases of numerical solutions. In Section 5, we introduce
the normalized exponential trial functions supplemented by a second-order polyno-
mial as the bases for the numerical solutions of the SPBVPs. Numerical examples
are given in Section 6. Finally, the conclusions are drawn in the last section.

2. HOMOGENIZATION AND VARIABLE TRANSFORMATION

In the paper we propose a new method for the solution of the following second
order boundary value problem (BVP) under the Robin type boundary conditions:

(1) eu"(z) + p(a)u/(z) + q(z)u(z) = H(z), 0<wz <1,
(2) aru(0) + b1u'(0) = 1, azu(l) + bou' (1) = ca,

where a1, by satisfy a% + b% > 0, ag, be satisfy a% + b% > 0, c1, co are given constants,
and [0,1] is an interval of our problem. We suppose that p(z), ¢(x) and H(x) €
C[0,1]. However, in many applications the independent variable ¢ may be in an
interval [a,b], of which after taking the variable transform « = (t — a)/(b — a) we
have the problem in the interval z € [0,1] again, and the ODE and the Robin
boundary conditions should be adjusted accordingly. When € = 1 we have the usual
ODE, while for 0 < ¢ < 1 we have a singularly perturbed ODE.
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In the construction of the energy method, the first step is the homogenization
technique, such that for the new variable

3) y(z) = u(z) — Bo(x),

the Robin boundary conditions are homogeneous. If ¢? + ¢2 = 0 we can skip the
following processes and go to the next section directly.
We divide the derivations of the homogenization function By(x) into two parts.
(I) a1 = 0 (hence by # 0); we can derive

(4) Bo(z) = apz + box”, v =2,
C1

5 = —

) =1,

blcg — a1 — b201
6 by =
( ) 0 bias + b1bov

There are many values of v such that as + bav # 0 (hence, byias + b1bev # 0) and
one can choose it easily.
(IT) ay # 0; we can derive

(7) BQ(J)) =ag + box¥, v =2,
Cc1

8 = —

( ) ao alv

(9) b() _ aiCa — agCy

aias + arbav’

There are many values of v such that as + bav # 0 (hence, ajas + arbav # 0) and
one can choose it easily.
The above function By(z) includes a parameter v. Let

(10) By(x) = ag + boz,

and through some derivations we can obtain

c1ba + craz — caby

11 =
(11) a0 arby + aras — azhy’

a1C2 — a201

12 by = .
( ) 0 aibs + ajas — asby

In the case with a1bs + a1as — agby = 0, we must employ the above (I) or (II) to set
up the function By(z).
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Through the variable transformation (3), we obtain a new BVP with the homo-
geneous Robin boundary conditions:

(13)  ey”(2) +p(2)y (z) + q(@)y(x)
= F(z) = H(z) — eBj (z) — B{(z)p(x) — Bo(z)q(z), 0<z<1,
(14)  a1y(0) + b1y'(0) =0, a2y(1) + bay'(1) = 0.

3. ENERGETIC ROBIN BOUNDARY FUNCTIONS METHOD

By multiplying both sides of (13) by y(x), integrating it from = 0 to x = 1, one

can derive

(15) /O [y (2)y (@) + p(2)y' (2)y(@) + q(x)y* (z)] dz = /O F(x)y(z) dz.

If there exists an exact solution y(z) of (13) and (14), it must satisfy the above
equation. The resulting equation is an energy equation and we will use it as a math-
ematical tool to solve y(x).

The next step is searching the Robin boundary functions which automatically
satisfy (14). In terms of polynomials we can derive

ay a1bs + araz —azby . .

16 Bi(z)=1—— g+l >1ifb £0
( ) ](m) bl €T b1a2 + (] + 1)b1b2 X ) J 1 1 7& )
b ,

(17) Bj(z) ==z G252 gl s qifp, =0,

Cag+ (J + 1)by

For the homogeneous Robin boundary conditions in (14) we may encounter the case
that there exists a positive integer jo such that as+ (jo+1)ba = 0, for example, when
as =4, by = —1, jo = 3. With this situation we can skip this jo in (16) and (17),
and they are modified to

_a, aiby + a1a2 —azbr ;4,4
b1 b1a2+(j+].)b1b2
j:]-a"'vjo_]-v j0+]—a j0+27"'a 1fb17£0a
__Getb  n
az + (5 + 1)b2
i=1...,50—=1, jo+1, jo+2,..., if by =0.

(18) Bj(x)=1

)

(19) Bj(x) ==

)

They are at least second-order polynomial functions which satisfy the following
homogeneous Robin boundary conditions:

(20) alB]‘(O) + blB;(O) =0, agBj(l) + bgBé(l) =0, j7=>1
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For a BVP if the boundary conditions make the coefficient preceding 27! be zero,
then (16) and (17) are not applicable. For this case we can enrich the boundary
functions by including other type functions.

From (16)—(20) it is obvious that when Bj(x) is a Robin boundary function,
BBj(z), B € R, is also a Robin boundary function, and when B;(z) and By(x)
are Robin boundary functions, B;(z) + By(x) is also a Robin boundary function.
The Robin boundary functions are closed under scalar multiplication and addition.
Therefore, the set of

(21) {Bj(x)}, j=1,

and the zero element constitute a linear space of the Robin boundary functions,
denoted by B.
The following result can help us in solving (13) and (14).

Theorem 1. In the linear space B there exist Robin boundary functions

(22) E;(x) =~;Bj(x), j=>1, jnotsummed,
where
(23) ey = /O [e B} () Bj(x) + pl(x) Bj () By (x) + ¢(x) B} (x)] d,

e1 = /01 Bj(z)F(x)dz,

€1

24 =1
( ) 7] 627

are such that E;(x) satisfies the following energy integral equation:
1 1
(25) / [eE (x)Ej(x) + p(x)Ej(x) Ej(x) + q(x)EJQ(x)] dx = / F(z)E;(z) dx.
0 0

Proof. Because Bj(z) € Bis an element of the linear space 55, the multiplication
in (22) renders E;(x) € B, an element in the linear space B, which satisfies the
homogeneous Robin boundary conditions:

(26) alEj (0) + blE;(O) =0, agEj(l) + bQE;(l) =0,
due to (20).
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Because Ej(z) already satisfies the boundary conditions (26), we impose the energy
identity (15) on F;(x) and derive (25), which is an energy equation in terms of the
Robin boundary function E;(x) defined in the linear space.

Inserting (22) for E;(z) and

(27) El(x) = ~;Bj(x), Ej(x) = ;B ()

for E}(z) and EY () into (25), one can derive a quadratic equation to determine the
multiplier v;:

(28) 62’)/]2- = e17;,

where the coefficients e; and es were defined in (23). Then the solution of v; is
derived in (24). This ends the proof of the theorem. O

The Robin boundary function E;(z) in (22) endowed with the multiplier v; in (24)
not only satisfies the homogeneous Robin boundary conditions but also preserves the
energy in (25). The multiplier +y; is determined by using the energy identity (25).
Hence, E;(x) is an energetic Robin boundary function, and correspondingly the

numerical method based on E;(x) is an energetic Robin boundary functions method
(ERBFM).

4. DERIVING THE LINEAR SYSTEM BY COLLOCATION METHOD

The numerical procedure for solving y(x) is given in the following form: to find
the expansion coefficients c; in

(29) y(@) =Y cisiEj(x), [u(@) = Bo(x)+ ) ¢;s;E;(x)],
=1 =1

where E;(x) acts as the basis in the numerical solution of y(z). It can be seen
that y(z) in (29) automatically satisfies (14), due to (26).

Because the boundary conditions are automatically satisfied by (29), we only need
to guarantee that the governing equation (13) is satisfied. First we set s; = 1.
Inside the interval (0, 1) we can collocate ng points z; = i/(ng+ 1), =1,...,n4, to
satisfy (13) by inserting (29) for y(z), so that we have a linear system:

(30) Ac=TF,

which can be used to determine the expansion coefficients ¢ := {¢;}, whose number
is n. In the above, the components of A and F are given, respectively, by a;; =
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eE] (z;) + p(x:) Ej(zi) + q(zi) Ej(2i) and F; = F(z;). The dimension of A is ng x n,
and (30) is an over-determined system with n, > n.

In general, the norms of the columns of the coefficient matrix A are not equal. If
one asks the norms of the columns of the coefficient matrix of A to be equal, the
multiple-scale s; is determined by [15]

— RO
llag

(31) Sj

where a; denotes the jth column of A in (30) and Ry is a parameter. Hence, we
have ||a;|| =R, j =1,...,n.

5. NORMALIZED EXPONENTIAL TRIAL FUNCTIONS

In the strong-form formulation of differential equations it is known that the selec-
tion of trial functions is very important, for which we suppose that the set of trial
functions is complete, linearly independent, and satisfying the boundary conditions
exactly. In general, the polynomial basis in Section 3 is hard to match the singularity
behavior for the SPBVP. We will give a different set of trial functions which are not
used in the literature to treat the second-order singularly perturbed problems

(32) ) =S w0)=0, e =1,
(33) po(x) ==z, ©o(0) =0, ¢o(1)=1.

To avoid the divergence of €/®, we have introduced a normalized factor e/ — 1 in
the denominator. Therefore, ;(x) is a normalized exponential trial function. Liu et
al. [18] extended the above trial functions in the weak-form formulation of the fourth-
order singular beam equation to find the numerical solution.

In order to let ¢;(x) satisfy the homogeneous Robin boundary conditions we can

derive
x? ajas(e? —1)  arbge’ ai(e/ —1)
34) Bi(x)=1- —|as — - - :
( ) J (SC) as + 2b2 a2 ]bl bl jbl SDJ (x))
jeZifb #0,

2 J—1
(a2 £26a)(! = 1) ) jezith =o.

B* = 2 — - - .
(35) ]((E) € ag(eJ _ 1) —f—ijeJ J

The special case By(z) can be obtained by applying the L’Hospital rule to the above
equations.
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Then, by applying Theorem 1 to the above B;(z), we can derive the trial functions
E; = ~;B;(x). We suppose that the solution y(z) can be expanded by

(36) y(z) = Z ajsjEj(z), [u(z) = Bo(x) + Z a;s; Bj(x)],

where n = my + mo + 1 and the unknown coefficients a; have to be determined.

6. NUMERICAL EXAMPLES

In order to assess the performance of the newly developed ERBFM let us investi-
gate the following examples.

Example 1. Let us consider the following BVP [13]:

(37)  a(t) + %u(t) + (1 - 4—12)71(75) = Vicost, u(l)=1, u(6)=—0.5.

The exact solution is

- O O PR T

where

(39) Ay = : \/6. 1_cosl+sinl sin 6
cos1sin6 —sinlcos6 4 NG

3
1 6 6
+sin1 (5 + % cos 6 + \/_T sin 6)} =~ 0.0588713,

B — \/6 cosl+sinl 1 cos6
0 coslsin6 — sinlcos6 4 V6

3
1 6 6
—cos1 (5 + % cos6 + \/_T Sin6)] ~ 0.740071.

With n = 50, ny = 200, and Ry = 1 we apply the ERBFM to find the numerical
solution, which is compared to the exact solution (38), and the numerical error is
shown in Fig. 1 by blue color solid line. While the maximum error is 1.84 x 1077,
the root-mean-square-error (RMSE) at totally 300 points is 6.37 x 10~8. Under
the same parameter values, the boundary functions method (BFM) leads to the
maximum error being 6.17 x 10~7, and the RMSE being 2 x 10~7. In Fig. 1, we show
the numerical errors. The accuracy of the ERBFM is slightly better than the BFM.
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Figure 1. Comparing the numerical solutions obtained by the ERBFM with the exact so-
lution and showing the errors obtained by the ERBFM and BFM.

In Table 1, we investigate the maximum error and the RMSE obtained by the BFM
and the ERBFM with different values of n, the other parameters being n, = 100
and Ry = 1.

n 10 20 30 40 50

BFM (ME) 7.66 x 1077 1.03 x 1077 6.18 x 1078 7.03 x 10~% 6.09 x 10~8
ERBFM (ME) 7.66 x 1077 1.06 x 1077 5.70 x 107® 6.59 x 1078 7.14 x 1078
BFM (RMSE)  4.00 x 1077 5.43 x 1078 3.08 x 1078 3.43 x 107% 2.90 x 10~®
ERBFM (RMSE) 4.00 x 10~7 5.54 x 10~% 2.63 x 1078 3.51 x 1078 3.17 x 108

Table 1. For Example 1 comparing the maximum error (ME) and the root-mean-square-
error (RMSE) obtained by the BFM and the ERBFM with different values of n.

From Table 1, we can observe that the ERBFM is convergent stably, while the
BFM at n = 30 is abnormal. For small n, the performances of the BFM and the
ERBFM are the same, but with large n, the performance of the ERBFM is better
than that of the BFM.

Example 2. We solve
(40) ev’(z) +u'(z) —u(z) =0, u(0)=1, wu(l)=1,

which has been calculated by Reddy and Chakravarthy [20] and Ilicasu and Schultz [8]
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by using different methods, and has a closed-form solution:

1
_ P2 _ 1)aP1® _ aP1)aP2%
(41) u(@) = (e = 1) + (1= e )er ],
where
—14++1+4e —1—+14+14¢
(42) b1 = 2 , D2 = 2% .

We expand the solution u(x) by (36). Under the parameters ¢ = 0.01, m; = 100,
mg = 1, ng = 200, and Ry = 0.1, we can find that the solution u(z) is very close
to the exact one with the maximum error being 8.09 x 10~8 as shown in Fig. 2(a).
Obviously, our maximum error is much smaller than that calculated by Varner and
Choudhury [21], and by Reddy and Chakravarthy [20], who used a smaller stepsize
h = 0.001.

1.0(a) o E X107
u(m) | N\ /\‘ a ’f\ 1/ \ '/ \\ / \ II /B‘/
0.9—[\,\'| T . V! V! o _s
THE R T A G| S
0.8_'1' i | | | ' { '/// ' 1x10~°
0.7—_= 1 // §
0-6“\ e 1x10-10 &
. /
0.51 - _
ol IInare 1x10° 1
T —— - Error
0.3 T T T T T T T T T T 1X10_12
0.0 0.2 0.4 0.6 0.8 1.0
T
LO—(b) e 1x107¢
u(x) 1 . /s N o~ TN -~
09—",\,{ i/ ;,"\\,/ V/ \\/ \\,”\ / 1x10°7
. [l |: f X . h f ,/ 'r
087 il ! ‘ ' ‘ ! L0 bL 1x10-8
0.7 =
14 L/ 1x1070 2
0.6—|\ ! - €3
T 1x10~10
05_“ ///// . . x 10
04 e Bxact 1x10~ 11
o — - Error
0.3 T T T T T T T T T 1><]_0712

[
0.0 0.2 0.4 0.6 0.8 1.0
T

Figure 2. For (a) Example 2 and (b) Example 3, comparing the numerical solutions obtained
by the ERBFM with the exact solutions and showing the errors.
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Example 3. We revisit Example 2 again; however, we consider the Robin type
boundary conditions:

(43) eu’(x) + /() — u(z) =0,
1

eP2 — b1

u(0) +u'(0) =1+ [p1(eP? — 1) + p2(1 —eP)], w(l) =1,

where p; and ps were defined by (42).

Under the parameters ¢ = 0.01, m; = 100, me =1, n, = 300, v = 2, and Ry = 1,
we can find that the solution u(x) is very close to the exact one with the maximum
error being 5.53 x 10~7 as shown in Fig. 2(b). The accuracy is slightly worse than
that in Example 2.

Example 4. We calculate this example by adding a non-homogeneous term on
the right-hand side, which is subjected to the Robin type boundary conditions:

(44) eu’(z) +u'(z) =1+ 2z,

/ 2¢e —1
u(0) +u'(0) = e[l —exp(—1/¢)]

(2e — 1) exp(—1/e)

+ 1 —2¢,

u(l) +u' (1) =1+ 0 = exp(=1/2)] +3 — 2,
whose exact solution is
(45) u(w) = ZE DL —ep/o)] oy o).

1 —exp(—1/¢)

We employ the parameters ¢ = 0.01, m; = 110, ms = 10, n, = 300, v = 2 and
Ry = 1. From Fig. 3, we can find that the solution u(z) is very close to the exact
one with the maximum error being 2.68 x 10~7. The maximum error is smaller than
that in [8], [21], where the Dirichlet boundary conditions u(0) = 0, u(1) = 1 were
considered.

Example 5. We consider an internal boundary layer case [3]:
(46) gii(t) + 2tu(t) + (1 +tH)u(t) =0, u(-1)=2, wu(l)=1,

where € = 0.2.

Upon letting = = (t + 1)/2 and w(x) = u(t), we have

(47) ew”(x) + (8 — 4)w'(x) + (162% — 16z + 8w(z) =0, w(0)=2, w(l)=1.
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v
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Figure 3. For Example 4, comparing the numerical solution obtained by the ERBFM with
the exact solution and showing the error.

For the parameters e = 0.2, m; = 15, mgo = 15, ny = 150, and Ry = 1, the numeri-
cal result obtained by the ERBFM is shown in Fig. 4. For the purpose of comparison
we also apply the fourth-order Runge-Kutta (RK4) method to integrate (47) starting
from the initial conditions w(0) = 2 and w’(0) = 4.85305042 and with a step-size
Az = 0.005, which can match the final value w(1) = 1 with an error 2.644 x 10~5.
The maximum difference between the presented numerical solution and the RK4
solution as shown in Fig. 4 is 6.61 x 1072

6— U 107!
i ~
S EPEEEN A N b
— f “ N
i / //\. \\ v 1078
/ // f \\ \
+ / \ -
_ // \\ . %)
3- / \ 107 =
/ R A
17 A 1076
e ——— Numerical 5
27 e RK4 \ .
| —— Difference N 10~
AN
S -8
]. T I T I T I T I T I 10

-1.0 —0.6 —0.2 0.2 0.6 ; 1.0

Figure 4. For Example 5, comparing the numerical solution obtained by the ERBFM and
the RK4 and showing the difference.
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Example 6. Finally, we consider the case with two boundary layers [11]:
(48) —eu" () + (1 + 2 —a?)u(z) = g(x), w(-1)=0, u(l)=0,
where £ = 0.001. The exact solution u(z) and g(x) are given by

(49) w(z) =1+ (x — 1)e ®/VE — gel@=D/Ve,
g(z) =1+ 2(1 —z) + [2vF — 22(1 — z)]e™*/V*
+[2vE —2(1 —2) ]e(a:fl)/f.

For the parameters m; = 40, ma = 40, n, = 200 and Ry = 1, the numerical
result obtained by the ERBFM is shown in Fig. 5, which is very close to the exact
solution (49), whose maximum error is 1.65 x 10~7. The accuracy is better than that
calculated by Kadalbajoo and Aggarwal [9], and Khuri and Sayfy [11].

_ —_ - . —6
u(x)lo ] /// \\ 1x10
AN AN NN Vb 1x1077
0.8 :I/vl v \/ ‘\/ \/ \./ \I' \/r\\ [‘ 8
all [ r' o | J ./ (” 1x10-8
0.6 ! | ' } )
1 e 1x107° 2
0.4—! ——— Numerical 1 £a)
| Exact IL 1x10-10
b — - Error \
0.2 £ 1x10-11
OO T T T T T T T I 1)(10712
—1.0 —0.5 0.0 0.5 1.0

T

Figure 5. For Example 6, comparing the numerical solution obtained by the ERBFM with
the exact one and showing the error.

7. CONCLUSIONS

Owing to the existence of a boundary layer in the singularly perturbed BVP, it is
utmost important to design the numerical method to exactly match the given Robin
boundary conditions. We have developed two types of bases for the polynomials used
in the non-singularly perturbed ODE and the normalized exponential functions used
in the SPBVP. The main contributions of the present paper are the introduction of
a new concept of Robin boundary functions and then deriving an energy identity
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in terms of the energetic Robin boundary functions, which not only satisfy the ho-
mogeneous Robin boundary conditions, but also preserve the energy. Furthermore,
the energetic Robin boundary functions were adopted as the bases to expand the
numerical solution of the SPBVP, and then we have transformed the highly singular
problem into solving a well-conditioned linear system to determine the expansion
coeflicients by a simple collocation technique. Numerical examples showed that the
novel algorithm ERBFM is highly accurate and stable.
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