44 (1999) APPLICATIONS OF MATHEMATICS No. 1, 15–32

DISCONTINUOUS WAVE EQUATIONS AND A TOPOLOGICAL DEGREE FOR SOME CLASSES OF MULTI-VALUED MAPPINGS

Michal Fečkan, Richard Kollár, Bratislava

(Received March 3, 1998)

Abstract. The Leray-Schauder degree is extended to certain multi-valued mappings on separable Hilbert spaces with applications to the existence of weak periodic solutions of discontinuous semilinear wave equations with fixed ends.

Keywords: discontinuous wave equations, topological degree, multi-valued mappings

MSC 2000 : 35L05, 47H17, 58C06

1. Introduction

In this paper we study the existence of weak 2p-periodic solutions to the discontinuous semilinear wave equation

u_{tt} − u_{xx} + g(u) + f(x, t, u) = h(x, t),

(Prob) u(0, ·) = u(p, ·) = 0,

where f : Ω × R → R, Ω = (0, p) × (0, 2p) is Carathéodory continuous and nondecreasing in u, g : R → R is bounded nondecreasing and h ∈ L^2(Ω). Moreover, we suppose |f(x, t, u)| � c_0|u| + h_0(x, t) ∀u ∈ R, ∀ (x, t) ∈ Ω

for a constant c_0 > 0 and h_0 ∈ L^2(Ω). (Prob) with g = 0, i.e. for the continuous case, was studied in [2], where a construction of a topological degree is introduced for a class of monotone single-valued mappings. The main purpose of this paper is to extend that method to monotone multi-valued mappings. Like in [2], we use a Galerkin projection method, which is however not at all the standard Galerkin approximation method of [2]. We construct continuous one-parametric generalized

Galerkin projections which we use for the derivation of a one-parametric family of multi-valued mappings possessing the Leray-Schauder degree [7]. The basic Lemma 6 below is the stabilization of this degree for large parameters. In this way, we can define a topological degree for our multi-valued mappings. The rest of the paper is the extension of the main results of [2] to the multi-valued case. We end the paper with a discontinuous equation of a vibrating string presenting a problem at resonance with an infinite-dimensional kernel. This result is motivated by [4]. Other topological degrees for single and multi-valued mappings have been introduced in [1], [3], [5], [6] and [9].

2. Standard classes of mappings

Let H be a real separable Hilbert space with an inner product (·, ·). In what follows we use the following notation:

• {a_n} means {a_n}^∞_{n=1};

• lim a_n means lim_{n→∞} a_n (similarly lim sup and lim inf); • | · | always denotes the norm in H;

• ‖ · ‖ denotes the norm in the space of continuous linear mappings L (H). A multi-valued mapping F : H → 2^H is • monotone (denote F ∈ (mMON)), if

(f^∗_u − f^∗_v , u − v) � 0

for all u, v ∈ H and all selections f^∗_u ∈ F (u), f^∗_v ∈ F (v);

• quasimonotone (F ∈ (mQM)), if for any sequence {u_n} in H with u_n ⇀ u and for all selections f^∗_n ∈ F (u_n) we have

lim inf(f^∗_n, u^∗_n − u) � 0;

• pseudomonotone (F ∈ (mP M)), if for any sequence {u_n} in H with u_n ⇀ u, the existence of selections f^∗_n ∈ F (u_n) and a point f^∗ ∈ H with f^∗_n ⇀ f^∗ and lim sup(f^∗_n, u_n − u) � 0 implies that f^∗ ∈ F (u) and (f^∗_n, u_n) → (f^∗, u);

• of class (mS_+) (F ∈ (mS_+)), if for any sequence {u_n} in H with u_n ⇀ u, the existence of selections f^∗_n ∈ F (u_n) with lim sup(f^∗_n, u_n − u) � 0 implies that u_n → u;

• compact (F ∈ (mCOMP )), if for any bounded sequence {u_n} in H and for any f^∗_n ∈ F (u_n) the sequence {f^∗_n} has a convergent subsequence;

• of Leray-Schauder type (F ∈ (mLS)), if F = I + C, where I is the identity on H, for some C ∈ (mCOMP );

• bounded, if for any bounded set B ⊂ H the set ⋃ u∈B F (u) is bounded;

• convex-valued, if F (u) is a non-empty convex set in H for any u ∈ H; • upper semicontinuous (F is usc), if F^{−1}(A) is closed in H whenever A ⊂ H is closed;

• weak upper semicontinuous (F is w-usc), if for any sequence {u_n} ∈ H, u_n → u ∈ H, the existence of selections f^∗_n ∈ F (u_n) with f^∗_n ⇀ f^∗ ∈ H implies f^∗ ∈ F (u).

In what follows, we assume that all mappings used are bounded, w-usc and convexvalued. When a mapping is defined only on a subset of H, the above definitions can be modified in an obvious way.

Proposition 1. For the classes defined above the following inclusions hold:

(mLS) ⊂ (mS_+) ⊂ (mP M) ⊂ (mQM), (mMON) ⊂ (mP M), (mCOMP ) ⊂ (mQM).

Proposition 2. If F ∈ (mQM) and G ∈ (mS_+) then F + G ∈ (mS_+).

Proofs of Propositions 1 and 2 are similar to those for single-valued mappings [2].

3. Classes of admissible mappings

Let G be a bounded open subset in H, M a closed subspace of H and let Q and P stand for the orthogonal projections to M and M^⊥, respectively. The family

F_G = {F : G → 2^H | F = Qg + P f for some g ∈ (mLS) and f ∈ (mS_+)}

is called the class of admissible mappings. Other very important and more general classes are

F_G(mQM) = {F : G → 2^H | F = Qg + P f for some g ∈ (mLS) and f ∈ (mQM)}

and F_G(mP M) defined accordingly. Obviously F_G = F_G(mS_+) ⊂ F_G(mP M) ⊂ F_G(mQM).

Let L: H ⊃ D(L) → H be a closed densely defined linear operator with Im L = (Ker L)^⊥. Let L_0 = L/ Im L and assume that the right inverse L^{−1}_0 : Im L → Im L is compact. We choose M = Im L and M^⊥ = Ker L. Let N : H → 2^H . Then similarly to [2], we consider the mapping

F = Q(I + L^{−1}_0 QN) + P N.

Clearly, F ∈ F_G for N ∈ (mS_+).

Lemma 3. Let F and N be defined as above. Then for h ∈ H

(SInc) h ∈ Lu + N(u) with u ∈ D(L) ∩ G

if and only if y ∈ F (u) with u ∈ G for y = (L^{−1}_0 Q + P )h.

The proof is the same as for single-valued mappings [2]. The inclusion h ∈ Lu − N(u) can be treated analogously.

4. Construction of the degree for F_G(mS_+)

We construct a topological degree function for F_G. First, we define a class of admissible homotopies. A mapping: (t, u) → f_t(u) from [0, 1] × G to 2^H is a (multi-) homotopy of the class (mS_+), if for any sequences {u_n} in G, {t_n} in [0, 1], f^∗_n ∈ f_{tn} (u_n) with u_n ⇀ u, t_n → t and lim sup(f^∗_n, u_n − u) � 0 we have u_n → u. We also assume that the mapping (t, u) → f_t(u) satisfies all the necessary conditions.

Similarly, a mapping: (t, u) → g_t(u) = (I + C_t)(u) from [0, 1] × G to 2^H is called a (multi-)homotopy of the Leray-Schauder type, if the mapping (t, u) → C_t(u) is compact. We denote H_G = {F_t | F_t = Qg_t + P f_t}

where g_t and f_t are homotopies of the Leray-Schauder type and of the class (mS_+), respectively. The set H_G is called the class of admissible homotopies. Obviously F_t = (1 − t)F_1 + tF_2 ∈ H_G, 0 � t � 1 for any F_1, F_2 ∈ F_G.

We use Galerkin approximations [8] with respect to the subspace M^⊥. The space H (M^⊥ ⊂ H) is separable so there exists a sequence {N_n} of finite dimensional subspaces of M^⊥ with N_n ⊂ N_{n+1} for all n, and ∪^∞_{n=1}N_n is dense in M^⊥. We denote by P_n the orthogonal projection from H to N_n. We extend this to generalized Galerkin approximations defined by

P_λ = (λ − n)P_{n+1} + (n + 1 − λ)P_n for any λ ∈ [n, n + 1].

We have the following obvious result.

Proposition 4. The generalized Galerkin approximations satisfy i) (P_λu, v) = (u, P_λv) for every λ � 1, u, v ∈ H; ii) ‖P_λ‖ � 1 for all λ � 1;

iii) P_λv → P v for every v ∈ H as λ → ∞; iv) P_nP_λ = P_n for every λ � n ∈ N; v) (z, P_λz) � 0 for every z ∈ H and λ � 1.

For each F = Q(I + C) + P f ∈ F_G, we define the approximations {F_λ | λ � 1} by

F_λ = I + QC + λP_λf.

We note that QC + λP_λf is compact, convex-valued and usc for each λ � 1.

Similarly, for each admissible homotopy F_t = Q(I + C_t) + P f_t, 0 � t � 1, we have

(F_t)_λ = I + QC_t + λP_λf_t,

which is obviously a homotopy of the Leray-Schauder type for any λ � 1. Finally, if y ∈ H is given, we denote

y_λ = Qy + λP_λy for each λ � 1.

It is clear that (F − y)_λ = F_λ − y_λ.

Proposition 5. Let {u_k}, u_k ∈ H and let {P_λ} be the projections defined as above. Then

a) if u_k ⇀ u and λ_k → ∞ then P_{λk} u_k ⇀ P u; b) if u_k → u and λ_k → ∞ then P_{λk} u_k → P u.

Now we can formulate the basic lemma.

Lemma 6. Let F_t = Q(I + C_t) + P f_t be an admissible homotopy, y_t (0 � t � 1) a continuous curve in H and let A be a closed subset in G. If y_t /∈ F_t(A) for all t ∈ [0, 1], then there exists n_0 ∈ N such that

(y_t)_λ /∈ (F_t)_λ(A) for all t ∈ [0, 1] and λ � n_0.

Proof. Since also F_t − y_t defines an admissible homotopy and (F_t − y_t)_λ = (F_t)_λ − (y_t)_λ, we may assume, without loss of generality, that y_t ≡ 0.

If the assertion were false, there would exist sequences {u_k} in A and {λ_k} in [1, ∞), λ_k → ∞, and {t_k} in [0, 1] such that 0 ∈ (F_{tk} )_{λk} (u_k). This is equivalent to the existence of selections g^∗_k ∈ f_{tk} (u_k) and c^∗_k ∈ C_{tk} (u_k) for which

u_k + Qc^∗_k + λ_kP_{λk} g^∗_k = 0.

Writing this equation in both subspaces M and M^⊥ we get

Qu_k + Qc^∗_k = 0, (1) P u_k + λ_kP_{λk} g^∗_k = 0. (2) The sequence u_k is bounded therefore we can (taking a subsequence, if necessary) assume that u_k ⇀ u for some u ∈ H. Similarly we can assume t_k → t, t ∈ [0, 1]. We have c^∗_k ∈ C_{tk} (u_k). Since C is a compact mapping we can assume c^∗_k → z^∗, z^∗ ∈ H and, since the sequence g^∗_k is bounded, g^∗_k ⇀ g^∗, g^∗ ∈ H.

Hence we have Qc^∗_k → Qz^∗ and by (1), Qu_k → Qu. By (2), 1 λ_k

P u_k + P_{λk} g^∗_k = 0.

The set {u_k | k = 1, 2, . . .} is bounded, thus 1 λ_k

P u_k → 0 for k → ∞. This leads to P_{λk} g^∗_k → 0. On the other hand, for g^∗_k ⇀ g^∗ we conclude P_{λk} g^∗_k ⇀ P g^∗, which yields P g^∗ = 0. Hence we have P g^∗_k ⇀ P g^∗ = 0 followed by lim(g^∗_k , P u) = 0, ∀u ∈ H.

We continue with calculating of lim sup(g^∗_k, u_k − u):

(3) lim sup(g^∗_k, u_k − u) = lim sup(g^∗_k, P u_k − P u) = lim sup(g^∗_k, P u_k).

From (2) we obtain P u_k = −λ_kP_{λk} g^∗_k. Inserting it in to the last term of (3) we get

lim sup(g^∗_k, u_k − u) = − lim inf λ_k (g^∗_k, P_{λk} g^∗_k).

By v) of Proposition 4, λ_k(g^∗_k, P_{λk} g^∗_k) � 0 and it immediately follows that

lim sup(g^∗_k, u_k − u) � 0.

Hence, by the definition of the homotopy f_t of the class (mS_+) we have u_k → u, u ∈ A. We have t_n → t, g^∗_k ⇀ g^∗ and u_k → u. Since (t, u) → f_t(u) is w-usc, we get g^∗ ∈ f_t(u). Similarly, we get z^∗ ∈ C_t(u). From Qu_k → Qu, Qc^∗_k → Qz^∗ using (1), we obtain Qu + Qz^∗ = 0. Since P g^∗ = 0 we have

0 = Qu + Qz^∗ + P g^∗ ∈ Qu + QC_t(u) + P f_t(u) = F_t(u),

a contradiction. The proof is complete. □

If we choose a constant homotopy F_t = F = Qg + P f, y_t = y, and A = ∂G, we obtain the stabilization of a degree. If y /∈ F (∂G), then there exists λ_0 � 1 such that y_λ /∈ F_λ(∂G) for all λ � λ_0.

Lemma 7. Let F ∈ F_G and y /∈ F (∂G). Then there exists λ_1 ∈ [1, ∞) such that d(F_λ, G, y_λ) = constant for all λ � λ_1.

Due to Lemma 7 we can define a degree function for the class F_G. We put

(4) d(F, G, y) = lim_{λ→∞} d(F_λ, G, y_λ)

for any given F ∈ F_G and y ∈ H with y /∈ F (∂G). In the next lemma we show that the degree function defined by (4) has all the usual properties. The proof is the same as in [2] with the use of the degree theory for multi-valued mappings [7].

Lemma 8. Let G be an open bounded subset of H and F ∈ F_G(mS_+). Then i) d(F, G, y) ≠ 0 implies that there exists y ∈ F (G).

ii) d(F, G, y) = d(F, G_1, y) + d(F, G_2, y) (thus F ∈ F_{G1} and F ∈ F_{G2} ), whenever G_1 and G_2 are disjoint open subsets of G such that y /∈ F (G \ (G_1 ∪ G_2)).

iii) d(F_t, G, y_t) is independent of t ∈ J = [0, 1] if F_t ∈ H_G, y_t is a continuous curve in H and y_t /∈ F_t(∂G) for all t ∈ J.

iv) d(I, G, w) = 1 if and only if w ∈ G (normalization).

We can also simply prove the Borsuk Theorem for the class F_G(mS_+).

Proposition 9. Let G be an open bounded symmetric subset of H containing the origin and let F be a multi-mapping G → 2^H satisfying F (−u) = −F (u) for all u ∈ ∂G. Then if F ∈ F_G(mS_+), the inclusion 0 ∈ F (u) admits a solution u in G and d(F, G, 0) is odd whenever defined.

We have already proved all the desired properties of the degree function for the class F_G. We formulate our result in the next theorem.

Theorem 10. Let H be a real separable Hilbert space, G a bounded open subset of H, F_G the class of admissible mappings and H_G the class of admissible homotopies defined above. Then there exists a classical topological degree function d on F_G satisfying the properties i), ii), iii) and iv) from Lemma 8 with respect to H_G and the normalizing mapping I.

5. A degree theory for F_G(mQM) and F_G(mP M)

The most common method of studying the existence of solutions of differential equations (inclusions) applying a degree theory is to use a homotopy between a mapping and the normalizing mapping—the identity. However, it is not always possible to use such a homotopy. Sometimes we can substitute the identity with an other mapping with a nonzero degree. A mapping R ∈ F_G(mS_+) with d(R, G, y) ≠ 0 for all y ∈ R(G) is called a reference mapping.

The next basic theorem immediately follows from the properties of the degree function d (see [2, Theorem 2]).

Theorem 11. Let G be an open bounded set, G ⊂ H, R ∈ F_G a reference mapping and F ∈ F_G. If for a given y ∈ H there exists w ∈ R(G) such that

(1 − t)w + ty /∈ (1 − t)R(u) + tF (u) for all u ∈ ∂G and t ∈ [0, 1],

then d(F, G, y) ≠ 0 and hence the inclusion y ∈ F (u) admits a solution u in G.

We already have constructed a degree function for the class F_G = F_G(mS_+). By using this we can also build a similar degree function for the larger class F_G(mQM). By Proposition 2 we can use an (mS_+) approximation f_ε = f + εI for any given f ∈ (mQM) and ε > 0. In fact, we generalize Theorem 11 in the following form (see [2, Theorem 3]).

Theorem 12. Let G be an open bounded subset of H, R ∈ F_G(mS_+) a reference mapping and F ∈ F_G(mQM). If for a given y ∈ H there exists w ∈ R(G) such that the condition

(5) (1 − t)w + ty /∈ (1 − t)R(u) + tF (u) for all u ∈ ∂G and t ∈ [0, 1]

holds, then the inclusion y ∈ F (u) is almost solvable, i.e. y ∈ F (G).

Proof. Without loss of generality, we can assume that y = 0 and w = 0 ∈ R(G). If 0 ∈ F (∂G) ⊂ F (G), the assertion is true. Thus let 0 /∈ F (∂G). Since F ∈ F_G(mQM), F has a representation F = Q(I + C) + P f for some C ∈ (mCOMP ) and f ∈ (mQM). Similar argument leads to R = Q(I + C_0) + P f_0 for some C_0 ∈ (mCOMP ) and f_0 ∈ (mS_+). Now we introduce an F_G(mS_+) approximation of F , for each ε > 0 we denote

F_ε = F + εP R = Q(I + C) + P (f + εf_0).

By Proposition 2, f + εf_0 ∈ (mS_+), therefore F_ε ∈ F_G(mS_+) for all ε > 0. For applying Theorem 11 to the mapping F_ε we show there exists ε_0 such that

(6) 0 /∈ (1 − t)R(u) + tF_ε(u) for all u ∈ ∂G and t ∈ [0, 1] and 0 < ε < ε_0.

If (6) were not true, we could find sequences {ε_n}, {t_n} ⊂ [0, 1] and {u_n} ⊂ ∂G for which

(7) 0 ∈ (1 − t_n)R(u_n) + t_nF_{εn} (u_n) for all n ∈ N.

Taking subsequences, if necessary, we can assume that ε_n → 0^+, t_n → t and u_n ⇀ u. Clearly t ≠ 1, since otherwise 0 ∈ F (∂G) which contradicts the assumption. Thus t ∈ [0, 1). Writing (6) in the components and taking selections c^∗_n ∈ C(u_n), d^∗_n ∈ C_0(u_n), f^∗_n ∈ f(u_n) and g^∗_{n,1}, g^∗_{n,2} ∈ f_0(u_n) we have

Qu_n + (1 − t_n)Qd^∗_n + t_nQc^∗_n = 0, (8) (1 − t_n)P g^∗_{n,1} + t_nε_nP g^∗_{n,2} + t_nP f^∗_n = 0 (9) with r^∗_n = Q(u_n + d^∗_n) + P g^∗_{n,1} ∈ R(u_n) and h^∗_n = Q(u_n + c^∗_n) + P (f^∗_n + ε_ng^∗_{n,2}) ∈ F_{εn} (u_n). Without loss of generality, we can assume that c^∗_n → c^∗ and d^∗_n → d^∗ for some c^∗, d^∗ ∈ H, which yields r^∗_n ⇀ r^∗ and h^∗_n ⇀ h^∗. Therefore from (8) we have Qu_n → Qu (u_n ⇀ u). By (9)

P g^∗_{n,1} = − t_n 1 − t_n

P f^∗_n − t_nε_n 1 − t_n

P g^∗_{n,2}.

By using this and Qu_n → Qu we can calculate

lim sup(g^∗_{n,1}, u_n − u) = lim sup(P g^∗_{n,1}, u_n − u)

= lim sup { − t_n 1 − t_n

(P f^∗_n, u_n − u) − t_nε_n 1 − t_n

(P g^∗_{n,2}, u_n − u) }

= − t 1 − t lim inf(f^∗_n, u_n − u).

Since f ∈ (mQM), we conclude that

lim sup(g^∗_{n,1}, u_n − u) = − t 1 − t lim inf(f^∗_n, u_n − u) � 0.

By using the (mS_+) property of f_0 we obtain u_n → u. Clearly u ∈ ∂G. From the wusc property of the mapping R we get r^∗_n ⇀ r^∗ ∈ R(u) and similarly h^∗_n ⇀ h^∗ ∈ F (u). Consequently, 0 = (1 − t_n)r^∗_n + t_nh^∗_n ⇀ (1 − t)r^∗ + th^∗ giving 0 = (1 − t)r^∗ + th^∗ and hence

0 ∈ (1 − t)R(u) + tF (u) for some u ∈ ∂G.

That gives a contradiction to (5) (y = w = 0). Hence we have proved (6). Thus applying Theorem 11 we find u_ε ∈ G such that

(10) 0 ∈ F_ε(u_ε) for every ε ∈ (0, ε_0).

Choosing an arbitrary sequence {ε_i} with ε_i → 0^+ along with solutions u_{εi} from (10) we get F (u_{εi} ) = F_{εi} (u_{εi} ) − ε_iP R(u_{εi} )

where the set ∪_iP R(u_{εi} ) is bounded. Thus 0 ∈ F (G). □

Because the condition of quasimonotonicity is in applications the easiest to verify (e.g. it is implied by the monotonicity), we need a result for F_G(mP M). By using similar argument as in Theorem 12, we obtain the following result (see [2, Theorem 4]).

Theorem 13. Let the assumptions of Theorem 12 be satisfied and let, in addition, G be convex and F ∈ F_G(mP M). If for a given y ∈ H there exists w ∈ R(G) such that the condition (5) holds, then the inclusion y ∈ F (u) does admit a solution u in G.

Now we can generalize the Borsuk Theorem to the class F_G(mQM) (see [2, Theorem 5]).

Theorem 14. Let G be an open bounded symmetric subset of H containing the origin and let F be a multi-mapping G → 2^H satisfying F (−u) = −F (u) for all u ∈ ∂G. Then if F ∈ F_G(mQM), the inclusion 0 ∈ F (u) is almost solvable in G, i.e., 0 ∈ F (G).

For the class F_G(mQM) we have the following surjectivity theorem (see [2, Theorem 6]).

Theorem 15. Let F : H → 2^H be a mapping of the class F_H (mQM) satisfying the following condition:

for any K ∈ R^+ there exists R_0 ∈ R such that

(A) |f^∗| > K for all selections f^∗ ∈ F (u), |u| � R_0.

Assume moreover that there exists a positive real constant r_0 such that one of the following condition holds: (f^∗, u) |u| + |f^∗| > 0 for all |u| � r_0 and for all f^∗ ∈ F (u); (B) F (−u) = −F (u) for all |u| � r_0. (C) Then F (H) = H.

Proof. Let y ∈ H. By (A), there exists r_1 > r_0 such that 0 /∈ F (∂B_r) for all r � r_1, where B_r is the ball B_r = {u ∈ H | |u| < r}.

Assume first that (B) holds. It gives 0 /∈ (1 − t)u + tF (u) for all t ∈ [0, 1] and u ∈ ∂B_r.

By using the same argument as in the proof of Theorem 12 (with R = I) we can conclude (see (6)) that there exists a positive constant ε_0 = ε_0(r) such that 0 /∈ (1 − t)u + t(F (u) + εP u) for all |u| = r, r > r_1, t ∈ [0, 1] and 0 < ε < ε_0.

Hence d(F + εP, B_r, 0) = +1 for all r > r_1 and 0 < ε < ε_0.

We take r_2 > r_1 such that |f^∗| � (3|y|+1) for all f^∗ ∈ F (u), |u| � r_2. Let 0 < ε_1 < ε_0 be such that ε_1r_2 < |y| + 1. Consequently, |f^∗ + εP u| � 3|y| − |y| = 2|y| for all f^∗ ∈ F (u), u ∈ ∂B_{r2} and 0 < ε < ε_1. Since |ty| � |y| we have ty /∈ (F + εP )(∂B_{r2} ) and d(F + εP, B_{r2} , y) = d(F + εP, B_{r2} , 0) = +1 for all 0 < ε < ε_1.

Hence y ∈ (F + εP )(B_{r2} ) for all 0 < ε < ε_1. It follows that y ∈ F (B_{r2} ) ⊂ F (H).

Now we assume that (C) holds. We can use similar argument that in the first case. By applying Theorem 14, from (C) we obtain d(F + εP, B_{r2} , y) = d(F + εP, B_{r2} , 0) = odd for all 0 < ε < ε_1. Hence y ∈ (F + εP )(B_{r2} ) for all 0 < ε < ε_1 and the conclusion y ∈ F (H) follows. Thus the proof is completed. □

It is not easy to check whether a multi-mapping F is of the class F_G(mQM) or F_G(mS_+). The simplest condition to check is the monotonicity and therefore the most useful theorems concern the class F_G(mP M). We prove the following existence result (see [2, Theorem 9]).

Theorem 16. Let N ∈ (mP M), let L: D(L) ⊂ H → H be the linear mapping defined as above and let c > 0, −c /∈ σ(L), where σ(L) is the spectrum of L. If there exist real positive constants τ, τ < dist(−c, σ(L)) and K such that |f^∗ − cu| � (τ|u| + K) for all u ∈ H, f^∗ ∈ N(u), then for all h ∈ H the inclusion (SInc) admits a solution in H, i.e. there exists u ∈ D(L) ∩ G such that h ∈ Lu + N(u).

Proof. We consider the homotopy F_t(u) = Lu + cu + t(N(u) − cu) for all t ∈ [0, 1] and y_t = th. Clearly F_0(u) = Lu + cu and F_1(u) = Lu + N(u). Since −c /∈ σ(L) the operator (L + cI)^{−1} exists and is bounded. Thus we can put r = ‖(L + cI)‖^{−1}(K + |h| + 1)/(1 − τ‖(L + cI)^{−1}‖) and G = B_r. If for some u ∈ ∂G ∩ D(L) we have th ∈ Lu + cu + t(N(u) − cu) for some t ∈ [0, 1] then u = (L + cI)^{−1}(−t(f^∗ − cu) + th), f^∗ ∈ N(u).

Hence r = |u| � ‖(L + cI)^{−1}‖(τr + K + |h|) < r, a contradiction. Thus

th /∈ Lu + cu + t(N(u) − cu) for all t ∈ [0, 1] and u ∈ ∂G ∩ D(L). For t = 0 we have Lu + cu = 0 not possessing a non-zero solution. The mapping L + cI is linear, odd and cI ∈ (mS_+), therefore using Lemma 3, Proposition 9 and then applying Theorem 13, we conclude h ∈ F_1(G), i.e. h ∈ Lu + N(u) for some u ∈ D(L) ∩ G. □

6. M-regular multi-functions

A function p: Ω×R → R is called superpositionally measurable [6] if p(x, t, u(x, t)) is measurable for any measurable function u: Ω → R. A multi-function S : Ω × R → 2^R is called measurable-bounded if there exist two superpositionally measurable functions q_−(x, t, u) and q_+(x, t, u) such that

q_−(x, t, u) � q_+(x, t, u) and S(x, t, u) = [q_−(x, t, u), q_+(x, t, u)]

for any (x, t, u) ∈ Ω × R where the function q_−(x, t, u) is lsc in u, the function q_+(x, t, u) is usc in u and there exist positive constants d_1, d_2 and c_1, c_2 ∈ L^2(Ω) such that

|q_−(x, t, u)| � c_1(x, t) + d_1|u| and |q_+(x, t, u)| � c_2(x, t) + d_2|u|

for any (x, t, u) ∈ Ω × R. We denote by (mMB) the set of all measurable-bounded multi-functions. By using a multi-function S ∈ (mMB), for any u ∈ L^2(Ω) we put

N(u) = {v ∈ L^2(Ω) | v(x, t) ∈ S(x, t, u(x, t))}

= {v ∈ L^2(Ω) | q_−(x, t, u(x, t)) � v(x, t) � q_+(x, t, u(x, t))}

and call it an M-regular multi-function. We denote the set of all such multi-functions by (mMr). N(u) is nonempty because q_±(x, t, u(x, t)) ∈ N(u). The degree theory we have constructed works just for multi-mappings that are w-usc.

Lemma 17. Let N ∈ (mMr) and u_n → u in L^2(Ω). If a sequence {w^∗_n} satisfies w^∗_n ∈ N(u_n) and w^∗_n ⇀ w^∗ in L^2(Ω) then w^∗ ∈ N(u), i.e. N : L^2(Ω) → 2^{L2(Ω)} is w-usc.

Proof. First, we have

(11) q_−(x, t, u_n(x, t)) � w^∗_n(x, t)

for every n ∈ N. Since w^∗_n ⇀ w^∗, using the Mazur theorem we can choose a sequence {v_n}, v_n ∈ conv{w^∗_n, w^∗_{n+1}, . . .} such that v_n → w^∗ almost everywhere in L^2(Ω). Thus we have

v_n =

m_n∑

k=n λ_{n,k}w^∗_k; 0 � λ_{n,k} � 1;

m_n∑

k=n λ_{n,k} = 1 for n < m_n ∈ N, n � k � m_n.

From (11) we have

m_n∑ k=n λ_{n,k}q_−(x, t, u_k(x, t)) �

m_n∑ k=n λ_{n,k}w^∗_k (x, t) = v_n(x, t).

By virtue of the convergence in the measure we can assume that v_n(x, t) → w^∗(x, t) almost everywhere in (x, t) [10]. Let (x_0, t_0) ∈ Ω be such an element. The mapping s → q_−(x_0, t_0, s) is lsc and so for every ε > 0 there exists a positive integer n_0 such that for every k � n_0 we have q_−(x_0, t_0, u(x_0, t_0)) − ε � q_−(x_0, t_0, u_k(x_0, t_0)).

Summing this inequality for k = n, n + 1, . . . , m_n with weights λ_{n,k} we get

m_n∑ k=n λ_{n,k}(q_−(x_0, t_0, u(x_0, t_0)) − ε) �

m_n∑ k=n λ_{n,k}q_−(x_0, t_0, u_k(x_0, t_0)), q_−(x_0, t_0, u(x_0, t_0)) − ε � v_n(x_0, t_0) for all n � n_0. Hence by the convergence v_n(x_0, t_0) → w^∗(x_0, t_0) we have q_−(x_0, t_0, u(x_0, t_0)) − ε � w^∗(x_0, t_0) for every ε > 0.

Finally, we get q_−(x_0, t_0, u(x_0, t_0)) � w^∗(x_0, t_0) as we need. Similar argument leads to w^∗(x_0, t_0) � q_+(x_0, t_0, u(x_0, t_0)).

Thus w^∗ ∈ N(u). □

7. Semilinear wave equations We show how the previous results can be applied to the semilinear wave equation (Prob). We state the precise setting of (Prob) by putting

q_−(x, t, u) = g_−(u) + f(x, t, u), q_+(x, t, u) = g_+(u) + f(x, t, u), g_+(u) = lim sup_{s→u} g(u), g_−(u) = lim inf_{s→u} g(u).

We note that g_± are Borel measurable. By Lemma 17, the Nemytskij operator N : H → 2^H , H = L^2(Ω) defined by

N(u) = {v ∈ L^2(Ω) | q_−(x, t, u(x, t)) � v(x, t) � q_+(x, t, u(x, t))}

is bounded and w-usc. N ∈ (mMON) and hence by Proposition 1, N ∈ (mP M). Let C^2 be the set of twice continuously differentiable functions v : [0, p] × R → R satisfying v(0, ·) = v(p, ·) = 0 and 2p-periodic in t ∈ R.

A weak 2p-periodic solution of (Prob) for h ∈ H is any u ∈ H satisfying

(wProb) (u, v_{tt} − v_{xx}) + (u^∗, v) = (h, v) for some u^∗ ∈ N(u) and for all v ∈ C^2.

Let φ_{m,n}(x, t) = p^{−1}e^{imt} sin nx for all m ∈ Z, n ∈ Z^+. Each u ∈ L^2(Ω) has a representation u = ∑ m∈Z,n∈Z^+

(n^2 − m^2)u_{m,n}φ_{m,n},

where u_{m,n} = (u, φ_{m,n}) and u_{m,n} = u_{m,n}, since u is a real function. The abstract realization of the wave operator

∂^2 ∂t^2 − ∂^2 ∂x^2 in L^2(Ω) is the linear operator L: D(L) →

L^2(Ω) defined by Lu = ∑ m∈Z,n∈Z^+

(n^2 − m^2)u_{m,n}φ_{m,n},

where D(L) = { u ∈ L^2(Ω) | ∑ m∈Z,n∈Z^+

|n^2 − m^2|^2|u_{m,n}|^2 < ∞ } . It can be shown that u ∈ L^2(Ω) is a weak solution of (wProb) if and only if h ∈ Lu + N(u) with u ∈ D(L). Moreover, L is densely defined, self-adjoint, closed, Im L = (Ker L)^⊥ and L has a pure point spectrum of eigenvalues σ(L) = {n^2 − m^2 | m ∈ Z, n ∈ Z^+} with the corresponding eigenfunctions {φ_{m,n}}. Clearly σ(L) is unbounded both from above and from below, any eigenvalue λ ≠ 0 has a finite multiplicity, but Ker L is infinite dimensional. The right inverse of L_0, L^{−1}_0 : Im L → Im L is compact. Hence (Prob) fulfils all conditions for the inclusion (SInc) of Lemma 3. Theorem 16 immediately implies the following result (see [2, pp. 961–962]).

Theorem 18. The semilinear wave equation (Prob) under the conditions mentioned above admits a weak 2p-periodic solution for any h ∈ L^2(Ω) provided that in addition a � f(x, t, u)/u � b ∀ (x, t) ∈ Ω and ∀ u ∈ R, |u| > R

for positive constants a, b, R such that m^2 − n^2 /∈ [a, b] for all n ∈ Z^+ and m ∈ Z.

We leave to the reader other extensions of results on pp. 960–962 from [2] to (Prob). In the conclusion, we consider the nonlinear discontinuous vibrating string equation

u_{tt} − u_{xx} + g(u) = f(x, t) u(0, ·) = u(p, ·) = 0,

where f ∈ L^∞(Ω), g : R → R is nondecreasing and bounded on R. This equation is considered in the form

u_{xx} − u_{tt} + f(x, t) ∈ [ g_−(u), g_+(u) ] (12) u(0, ·) = u(p, ·) = 0.

We put g(+∞) = sup_R g, g(−∞) = inf_R g. We extend Theorem 1 of [4] to (12).

Theorem 19. Let f have a decomposition

f(x, t) = f_1(x, t) + f_2(x, t), f_1 ∈ (ker L)^⊥, f_2 ∈ ker L

together with

g(−∞) + δ � f_2(x, t) � g(+∞) − δ ∀ (x, t) ∈ Ω

for some δ > 0. Then (12) has a weak 2p-periodic solution.

Proof. For 1 > ε > 0 fixed, we consider the problem

u_{xx} − u_{tt} + f(x, t) ∈ [ g_−(u), g_+(u) ] + εu

(13) u(0, ·) = u(p, ·) = 0.

Since 1 > ε > 0 and g is nondecreasing and bounded on R, Theorem 16 implies the existence of a weak 2p-periodic solution u of (13). Now we show that u is bounded in L^∞(Ω) uniformly for ε > 0 small. From (13) we have

(14) −Lu + f = z + εu, z ∈ [ g_−(u), g_+(u) ] . We decompose u = u_1 + u_2, z = z_1 + z_2, u_1, z_1 ∈ (ker L)^⊥, u_2, z_2 ∈ ker L. Then (14) implies

Lu_1 + εu_1 + z_1 = f_1

(15) f_2 = z_2 + εu_2.

(16)

Since f_1, z ∈ L^∞(Ω) for ε > 0 small, we have |u_1|_L∞ < C̃ (see [4, p. 417]). In what follows C̃ denotes positive constants independent of ε. By (16) also

(17) 2p∫ 0 p∫ 0 f_2u_2 dx dt = 2p∫ 0 p∫ 0 z_2u_2 dx dt + ε 2p∫ 0 p∫ 0 u^2 dx dt � 2p∫ 0 p∫ 0 z_2u_2 dx dt.

We take M > 0 such that

g(v) � g(+∞) − δ 2 ∀ v � M, g(v) � g(−∞) + δ 2 ∀ v � −M.

Let us define

Σ_+ = { (x, t) | u_2(x, t) � M + C̃ } , Σ_− = { (x, t) | u_2(x, t) � −M − C̃ } . Then we have

z(x, t) � g(+∞) − δ 2 ∀ (x, t) ∈ Σ_+, z(x, t) � g(−∞) + δ 2 ∀ (x, t) ∈ Σ_−.

Now (17) gives

(g(+∞) − δ) ∫ Σ_+

u_2 dx dt + (g(−∞) + δ) ∫ Σ_−

u_2 dx dt + ∫ (_{Σ+∪Σ−})_′ f_2u_2 dx dt

� 2p∫ 0 p∫ 0 f_2u_2 dx dt

� ∫ (_{Σ+ ∪Σ−})_′ z_2u_2 dx dt + ( g(+∞) − δ 2 ) ∫ Σ_+

u_2 dx dt + ( g(−∞) + δ 2 ) ∫ Σ_−

u_2 dx dt,

hence we arrive at ∫

Σ_+ ∪Σ_−

|u_2| dx dt � C̃.

Consequently, we obtain that |u_2|_L1 < C̃. Since dim ker L = ∞, this estimate is not enough. Now following the same argument like on p. 419 of [4], we obtain that |u_2|_L∞ < C̃. Hence for any ε > 0 small, any solution of (14) satisfies |u|_L∞ < C̃. Then clearly |u|_L2 < C̃. By passing to the limit ε → 0_+ in (14) like for Theorem 13, we obtain a weak 2p-periodic solution of (12). □

We remark according to Theorem 19: If −g(−∞) = g(+∞) > 0 then the condition | | | 2p∫ 0 p∫ 0 f_2(x, t)z(x, t) dx dt | | | � g(+∞) 2p∫ 0 p∫ 0 |z(x, t)| dx dt, ∀ z ∈ ker L

is necessary, and the condition | | | 2p∫ 0 p∫ 0 f_2(x, t)z(x, t) dx dt | | | � (g(+∞) − δ) 2p∫ 0 p∫ 0 |z(x, t)| dx dt, ∀ z ∈ ker L

for some 0 < δ < g(+∞) is sufficient for the weak 2p-periodic solvability of (12). Finally, we note that similar results hold for (Prob) with nonincreasing f and g in u.

References

[1] J. Berkovits: Some bifurcation results for a class of semilinear equations via topological degree method. Bull. Soc. Math. Belg. 44 (1992), 237–247.

[2] J. Berkovits & V. Mustonen: An extension of Leray-Schauder degree and applications to nonlinear wave equations. Diff. Int. Eqns. 3 (1990), 945–963.

[3] J. Berkovits & V. Mustonen: Topological degree for perturbations of linear maximal monotone mappings and applications to a class of parabolic problems. Rend. Mat. VII-12 (1992), 597–621.

[4] H. Brezis: Periodic solutions of nonlinear vibrating strings and duality principles. Bull.

Amer. Math. Soc. 8 (1983), 409–426.

[5] F. E. Browder: Fixed point theory and nonlinear problems. Bull. Amer. Math. Soc. 9 (1983), 1–39.

[6] K. C. Chang: Free boundary problems and the set-valued mappings. J. Differential Eqns.

49 (1983), 1–28.

[7] K. Deimling: Nonlinear Functional Analysis. Springer-Verlag, Berlin, 1985. [8] H. Gajewski, K. Gröger & K. Zacharias: Nichtlineare Operatorgleichungen und Operatordifferentialgleichungen. Akademie-Verlag, Berlin, 1974.

[9] A. Kittilä: On the topological degree for a class of mappings of monotone type and applications to strongly nonlinear elliptic problems. Ann. Acad. Sci. Fenn. Ser. A I Math. Disser. 91 (1994).

[10] W. Rudin: Real and Complex Analysis. McGraw-Hill, Inc., New York, 1974.

Authors’ addresses: Michal Fečkan, Department of Mathematical Analysis, Comenius University, Mlynská dolina, 842 15 Bratislava, Slovakia; Richard Kollár, Institute of Applied Mathematics, Comenius University, Mlynská dolina, 842 15 Bratislava, Slovakia.